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In this thesis we extend Lerman’s cutting construction (see [4]) to spin®-structures. Ev-
ery spin‘-structure on an even-dimensional Riemannian manifold gives rise to a Dirac
operator DT acting on sections of the associated spinor bundle. The spin®-quantization
of a spin®~-manifold is defined to be ker(D™) — coker(D™). Tt is a virtual vector space,
and in the presence of a Lie group action, it is a virtual representation. In [5] signa-
ture quantization is defined and shown to be additive under cutting. We prove that the
spin‘-quantization of an S'-manifold is also additive under cutting. Our proof uses the
method of localization, i.e., we express the spin®-quantization of a manifold in terms of
local data near connected components of the fixed point set.

For a symplectic manifold (M, w), a spin®-prequantization is a spin®-structure together
with a connection compatible with w. We explain how one can cut a spin®-prequantization
and show that the choice of a spin®-structure on C (which is part of the cutting process)
must be compatible with the moment level set along which the cutting is performed.

Finally, we prove that the spin® and metaplectic® groups satisfy a universal property:
Every structure that makes the construction of a spinor bundle possible must factor
uniquely through a spin®structure in the Riemannian case, or through a metaplectic®

structure in the symplectic case.
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Chapter 1

Introduction

In this thesis we discuss spin®-structures on manifolds and their relation to the problem
of quantization. We generalize the process of cutting originally introduced by E. Lerman
in [4].

The group Spin(n) is the unique (connected) double cover of the special orthogonal
group SO(n). In fact, Spin(n) is the universal cover of SO(n) if n > 3. If —1 € Spin(n)
denotes the non-trivial element in the kernel of Spin(n) — SO(n), then the complexified

spin group is defined as
Spin®(n) = [Spin(n) x U(1)] /K

where K = {(1,1),(—1,—1)}. Alternatively, the groups Spin(n) and Spin‘(n) can be
defined as subgroups of the invertible elements in certain Clifford algebras.

A spint-structure on an oriented Riemannian manifold M is a lift of the structure
group from SO(n) to the group Spin®(n). Manifolds with such structure are called spin®-
manifolds. Roughly speaking, this means that the principal SO(n)-bundle of oriented
orthonormal frames in M is replaced by a principal Spin®(n)-bundle in a compatible way.
In the presence of a Lie group action G on M, we require that the action lifts to the
Spin®(n)-bundle, and thus get a G-equivariant spin°-structure.

One of the reasons for being interested in spin®-structures is that they enable us to
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define spinors, which are elements of a certain vector bundle S over M, and are common

in mathematical physics.

If the spin®-manifold M is even dimensional, we can define a differential operator
DT, called a Dirac operator, acting on sections of the spinor bundle S (this involves
a choice of a connection on the spin‘-structure). The index of D7 is called the spin‘-
quantization of our manifold, and is a virtual vector space (or, in the equivariant case,
a virtual representation of G). We assume that M is compact to assure that the kernel

and co-kernel of DT are finite dimensional.

E. Lerman developed the process of cutting in [4]. If (M,w) is a symplectic manifold
endowed with a Hamiltonian circle action, then the cutting produces two new symplectic
manifolds (MZ,, wZ,). This construction was extended to spin®-manifolds in [6], but some
details were missing. In Part I we fill in the gaps in the cutting process of a spin®-structure
and prove that spin®-quantization is additive under cutting, i.e., the quantization of the

original manifold M is isomorphic (as a virtual representation of S') to the direct sum

of the quantizations of the cut spaces MZ,.

The proof of additivity uses the technique of localization: we express the quantization
of a spin®-manifold in terms of local data around connected components of the fixed point
set. Those formulas are in fact modifications of Kostant formulas for almost complex

quantization, so we call them the generalized Kostant formulas.

Note that for the more common Kéahler quantization, this additivity property does not
hold (see [11, page 258]). On the other hand, Guillemin, Sternberg and Weitzman proved
in [5] that signature quantization does satisfy the additivity under cutting property. In

fact, this motivated our work in Part I.

In Part I we do not assume that our manifold is symplectic. In Part II we relate our
constructions from Part I to symplectic geometry. For a symplectic manifold (M, w) we
define spin®-prequantization to be a spin-structure and a connection that are compatible

with the two-form w in a certain sense. We believe that this definition already incor-
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porates the ‘twist by half-forms’ which is part of the Geometric Quantization scheme
developed by Kostant and Souriau (See [13]).

We then extend the cutting construction developed in Part I to manifolds endowed
with a spin®-prequantization. Our main statement (Theorem 11.4.1) relates the choice of
a ‘cutting surface’ to the choice of a spin“-prequantization on the complex plane, which
is part of the cutting process. Moreover, we conclude that the ‘cutting value’ must
lie halfway between two consecutive integers in Lie(S')* = R, which explains why the
additivity property holds.

We discuss in detail spin®-structures, prequantization, and quantization for the two-
sphere in Chapters 8 and 12 to illustrate our results.

Recall that in the context of Kahler and almost-complex quantization, a symplectic
manifold (M,w) is prequantizable if and only if %w represents an integral cohomology
class in H*(M;R). For spin®prequantization this is no longer true in general (although
it remains true when M is the two-sphere). In Chapter 13 we show that for an even n,
if w is a spin®-prequantizable form on CP", then %w will never be integral.

In Part III of the thesis we prove a universal property of the spin® and metaplectic®

groups. Recall that the metaplectic® is defined as
Mp*(n) = [Mp(n) x U(1)] /K
where Mp(n) is the unique (connected) double cover of the symplectic group
Sp(n) ={A € GL(2n,R) : w(Av, Aw) = w(v,w)}

and K = {(1,1),(—1,—1)} as before.

It is known that one has to introduce additional structure on an oriented Riemannian
manifold in order to construct a bundle of spinors (see [1, Introduction]). Examples
of such structures are spin, spin® and almost complex structures. Our main theorem
in Chapter 17 asserts that any structure that enables the construction of spinors must

factor through a spin®-structure, in a unique way. Thus, spin®-structures are a universal
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solution to this problem. Similarly, we show that metaplectic®-structures are a universal
solution to the analogous problem for symplectic manifolds.

Each part was submitted separately for publication, and therefore material from one
part is sometimes repeated in another part. I apologize for having those repetitions.

Throughout this thesis, all spaces are assumed to be smooth manifolds, and all maps
and actions are assumed to be smooth. The principal action in a principal bundle will be
always a right action. A real vector bundle E, equipped with a fiberwise inner product,
will be called a Riemannian vector bundle. 1f the fibers are also oriented, then its bundle
of oriented orthonormal frames will be denoted by SOF(E). For an oriented Riemannian

manifold M, we will simply write SOF (M), instead of SOF(TM).



Part 1

Spin® Quantization and Additivity

under Cutting



Chapter 2

Introduction to Part 1

In this part we discuss S'-equivariant spin® structures on compact oriented Riemannian
Sl-manifolds, and the Dirac operator associated to those structures. The index of the
Dirac operator is a virtual representation of S1, and is called the spin® quantization of

the spin® manifold.

Also, we describe a cutting construction for spin¢ structures. Cutting was first devel-
oped by E. Lerman for symplectic manifolds (see [4]), and then extended to manifolds
that posses other structures. In particular, our recipe is closely related to the one de-
scribed in [6].

The goal of this part is to point out a relation between spin® quantization and cut-
ting. We claim that the quantization of our original manifold is isomorphic (as a virtual
representation) to the direct sum of the quantizations of the cut spaces. We refer to this
property as ‘additivity under cutting’.

In [5], Guillemin, Sternberg and Weitsman define signature quantization and show

that it satisfies ‘additivity under cutting’. In fact, this observation motivated our work.
It is important to mention that this property does not hold for the most common
‘almost-complex quantization’. In this case, we start with an almost complex compact

manifold, and a Hermitian line bundle with Hermitian connection, and construct the
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Dolbeaut-Dirac operator associated to this data. Its index is a virtual vector space, and
in the presence of an S'-action on the manifold and the line bundle, we get a virtual
representation of S', called the Dolbeau-Dirac quantization of the manifold (see [2] or
[11]). This is a special case of our spin® quantization, since an almost complex structure
and a complex line bundle determine a spin®-structure, which gives rise to the same Dirac
operator (See Lemma 2.7 and Remark 2.9 in [6], and Appendix D in [3]). However, in
the almost complex case, the cutting is done along the zero level set of the moment
map determined by the line bundle and the connection. This results in additivity for all
weights except zero. More precisely, if Ni(u) denotes the multiplicity of the weight p in
the almost complex quantization of the cut spaces, and N(u) is the weight of p in the

quantization of the original manifold, we have (see p.258 in [11])

N(p)=Ny(p)+ N-(p) . p#0

but

N(0) = N4(0) = N_(0)

and therefore there is no additivity in general.

On the other hand, if spin® cutting is done for a spin® manifold M (in particular,
the spin®-structure can come from an almost complex structure), then the additivity will
hold for any weight. Roughly speaking, this happens because the spin® cutting is done
at the level set 1/2 of the ‘moment map’, which is not a weight (i.e., an integer) for the
group S*.

In order to make this part as self-contained as possible, we review the necessary
background on spin® equivariant structures, Clifford algebras and spin® quantization in
Chapter 3. We describe in details the cutting process in Chapter 4. In Chapters 5 and 6
we develop Kostant-type formulas for spin® quantizations in terms of local data around
connected components of the fixed point set, and finally in Chapter 7 we prove the

additivity result. In Chapter 8, we give a detailed example that illustrates the additivity
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property of spin® quantization. In particular, we classify and cut all the S'-equivariant

spin® structures on the two-sphere.



Chapter 3

Spin© Quantization

In this chapter we define the concept of spin® quantization as the index of the Dirac spin®
operator associated to a manifold endowed with a spin®-structure. The quantization will
be a virtual complex vector space, and in the presence of a Lie group action it will be a

virtual representation of that group.

3.1 Spin® structures

Definition 3.1.1. Let V be a finite dimensional vector space over K = R or C, equipped
with a symmetric bilinear form B : V x V' — K. The Clifford algebra CI1(V, B) is the
quotient T'(V')/I(V, B) where T'(V') is the tensor algebra of V and I(V, B) is the ideal

generated by {v®@v — B(v,v)-1 : v eV},

Remark 3.1.1. If vy, ..., v, is an orthogonal basis for V', then CI(V, B) is the algebra
generated by vy, ..., v, subject to the relations v? = B(v;,v;) - 1 and vv; = —v;v; for
i

Note that V' is a vector subspace of Cl(V, B).

Definition 3.1.2. If V = R¥ and B is minus the standard inner product on V, we define:



CHAPTER 3. SPIN® QUANTIZATION 10

1. Cy:=Cl(V,B), and C§ := CIl(V,B) ® C.

These are finite dimensional algebras over R and C, respectively.

2. The spin group
Spin(k) = {vive...v; + v; €RF, ||| =1 and 0 < 1 is even} C Cy
3. The spin® group
Spin®(k) = (Spin(k) x U(1)) /K
where U(1) C C is the unit circle and K = {(1,1), (-1, —1)}.
Remark 3.1.2.

1. Equivalently, one can define

Spint(k) =
={c-vi-v vy €RY, ju]| =1, 0<liseven, and c€ U(1)} C Cf
2. The group Spin(k) is connected for k > 2.

Proposition 3.1.1.

1. There is a linear map Cy — Cy , x +— ', characterized by (vy...v)" =v;... vy for

all vy, ..., v € R”.
2. For each x € Spin(k) and y € R*, we have zyx' € RF.

3. For each x € Spin(k), the map \(z) : R¥ — R¥ | y — zyx!, is in SO(k), and
A Spin(k) — SO(k) is a double covering for k > 1. It is a universal covering map

for k > 3.

For the proof, see page 16 in [1].
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Definition 3.1.3. Let M be a manifold and @ a principal SO(k)-bundle on M. A spin®
structure on @) is a principal Spin¢(k)-bundle P — M, together with a map A : P — Q,

such that the following diagram commutes.

P x Spin¢(k) —— P

[ |4

Here, the maps corresponding to the horizontal arrows are the principal actions, and
A Spinf(k) — SO(k) is given by [z,z] — A(z), where X : Spin(k) — SO(k) is the

double covering.
Remark 3.1.3.

1. A spin‘-structure on an oriented Riemannian vector bundle F is a spin®-structure

on the associated bundle of oriented orthonormal frames, SOF(E).

2. A spin®-structure on an oriented Riemannian manifold is a spin®-structure on its

tangent bundle.

3. Given a spin®-structure on ) — M, its determinant line bundle is . = P X gpine) C,
where the left action of Spin¢(k) on C is given by [z, z]-w = z?w. This is a Hermitian

line bundle over M.

3.2 Equivariant spin® structures

Definition 3.2.1. Let GG, H be Lie groups. A G-equivariant principal H-bundle is a

principal H-bundle 7 : ) — M together with left G-actions on ) and M, such that

1. 7(g-q)=g-7(q) forallg e G, g€ Q
(i.e., G acts on the fiber bundle 7 : QQ — M).
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2. (g q)-h=g-(¢g-h)forallge G, qgeQ, he H

(i.e., the actions of G and H commute).

Remark 3.2.1. Tt is convenient to think of a G-equivariant principal H-bundle in terms
of the following commuting diagram (the horizontal arrows correspond to the G and H

actions).

G x(Q

Q
taxr | |-

GxM — M

Qx H

Definition 3.2.2. Let 7 : E — M be a fiberwise oriented Riemannian vector bundle,
and let G be a Lie group. If a G-action on F — M is given that preserves the orientations
and the inner products of the fibers, we will call ' a G-equivariant oriented Riemannian

vector bundle.

Remark 3.2.2.

1. If F is a G-equivariant oriented Riemannian vector bundle, then SOF(FE) is a

G-equivariant principal SO(k)-bundle, where k = rank(E).

2. If a Lie group G acts on an oriented Riemannian manifold M by orientation preserv-

ing isometries, then the frame bundle SOF (M) becomes a G-equivariant principal

SO(m)-bundle, where m =dim(M).

Definition 3.2.3. Let 7 : ) — M be a G-equivariant principal SO(k)-bundle. A G-
equivariant spin-structure on @ is a spin€ structure A : P — Q on @, together with a a

left action of G on P, such that

1. A(g-p)=g-A(p) forallpe P, g € G (i.e., G acts on the bundle P — Q).
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2.g-(p-x)=(g-p)-xforall ge G, pe P, x € Spin°(k)

(i.e., the actions of G and Spin‘(k) on P commute).
Remark 3.2.3.

1. We have the following commuting diagram (where the horizontal arrows correspond

to the principal and the G-actions).

GxP P x Spin°(k)

P
IdxAl Al Ax)\cl

GxQ Q x SO(k)

Q
Idxwl Trl

GxM — M

2. The bundle P — M is a G-equivariant principal Spin®(k)-bundle.

3. The determinant line bundle . = P X gpinex) C is a G-equivariant Hermitian line

bundle.

3.3 Clifford multiplication and spinor bundles

Proposition 3.3.1. The number of inequivalent irreducible (complex) representations of

the algebra C5 = C, @ C is 1 if k is even and 2 if k is odd.

For a proof, see Theorem 1.5.7 in [3].

Note that, for all k, R* C C C C%.

Definition 3.3.1. Let k£ be a positive integer. Define a Clifford multiplication map

1R @ AL — A by u(x®wv) = pr(z)v
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where py, : Cf — End(Ay) is an irreducible representation of Cf (a choice is to be made

if k& is odd).

Definition 3.3.2. Let k£ be a positive integer and p; an irreducible representation of
C¢. The restriction of py to the group Spin(k) C Cy C Cf is called the complex spin

representation of Spin(k). It will be also denoted by py.

Remark 3.3.1. For an odd integer k, the complex spin representation is independent of

the choice of an irreducible representation of Cf (see Proposition 1.5.15 in [3]).

The following proposition summarizes a few facts about the complex spin represen-

tation. Proofs can be found in [1] and in [3].

Proposition 3.3.2. Let pi : Spin(k) — End(Ay) be the complex spin representation.
Then

1. dimcAy, = 2!, where | = k/2 if k is even, and | = (k —1)/2 if k is odd.
2. pr is a faithful representation of Spin(k).
3. If k is odd, then py is irreducible.

4. If k is even, then py is reducible, and splits as a sum of two inequivalent irreducible

representations of the same dimension,

pi 2 Spin(k) — End(A}) and  py, : Spin(k) — End(A;) .

Remark 3.3.2. The representation p; extends to a representation of the group Spin¢(k),

and will be also denoted by p,. Explicitly,
pr » Spinf(k) — End(Ag) , pr([x, z])v = 2z - pp()v .

Definition 3.3.3. Let P be a spin‘structure on an oriented Riemannian manifold

M. Then the spinor bundle of the spin®-structure is the complex vector bundle S =
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P X gpinc(m) Am, where m = dim(M).
If P is a G-equivariant spin®-structure, then S will be a G-equivariant complex vector

bundle.

Remark 3.3.3. 1t is possible to choose a Hermitian inner product on Ay which is preserved
by the action of the group Spin®(k). This induces a Hermitian inner product on the
spinor bundle. In the G-equivariant case, G will act on the fibers of S by Hermitian

transformations.
From Proposition 3.3.2 we get
Proposition 3.3.3. Let P be a (G-equivariant) spin®-structure on an oriented Rieman-

nian manifold M of even dimension, and let S be the corresponding spinor bundle. Then

S splits as a sum S = ST @ S~ of two (G-equivariant) complex vector bundles.

Remark 3.3.4. If M is an oriented Riemannian manifold, equipped with a spin®-structure,
and a corresponding spinor bundle S, then a Clifford multiplication map p : R* ® Aj, —
A induces a map on the associated bundles TM ® S — S. This map is also called

Clifford multiplication and will be denoted by p as well.

3.4 The spin® Dirac operator

The following is a reformulation of Proposition D.11 from [3]:

Proposition 3.4.1. Let M be an oriented Riemannian manifold of dimension m > 1,
P — SOF(M) a spin‘-structure on M, and P, = P/Spin(m) (this quotient can be

defined since Spin(m) embeds naturally in Spin®(m)). Then
1. Py is a principal U(1)-bundle over M, and P — SOF (M) x Py is a double cover.

2. The determinant line bundle of the spin® structure is naturally isomorphic to I =

P1 XU(l) C.
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3. If A: TP, — iR is an invariant connection, and Z : T(SOF(M)) — so(m) the
Levi-Civita connection on M, then the SO(m) x U(1)-invariant connection Z x A
on SOF(M) x Py lifts to a unique Spin(m)-invariant connection on its double

cover P.

Remark 3.4.1. If G acts on M by orientation preserving isometries, P is a G-equivariant
spin® structure on M, and the connection A on P, is chosen to be G-invariant, then Z x A

and its lift to P will be G-invariant.
Definition 3.4.1. Assume the following data are given:
1. An oriented Riemannian manifold M of dimension m.
2. A spin®-structure P — SOF(M) on M, with the associated spinor bundle S.

3. A connection on P, = P/Spin(m) which gives rise to a covariant derivative V :

T(S) — D(T*M ® S).

The Dirac spin® operator (or simply, the Dirac operator) associated to this data is the

composition

D:T(S) —YL o T(I"M®S) —=—T(TM ® S) —£—T(S)
where the isomorphism is induced by the Riemannian metric (which identifies T*M ~
TM), and p is the Clifford multiplication.

Remark 3.4.2.

1. Since there are two ways to define ;o when k is odd, one has to make a choice for u

to get a well-defined Dirac operator.

2. If G acts on M by orientation preserving isometries, the spin®-structure on M is
G-equivariant, and the connection on P; is G-invariant, then the Dirac operator D

will commute with the G-action on I'(.S).
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3. If dim(M) is even, then the Dirac operator decomposes into a sum of two operators
D* : T(S*) — I'(S¥) (since p interchanges S* and S™), which are also called Dirac

operators.

4. If the manifold M is complete, then the Dirac operator is essentially self-adjoint on
L?(S), the square integrable sections of S (See Theorem I1.5.7 in [3] or Chapter 4
in [1]).

3.5 Spin‘ quantization

We now restrict to the case of an even dimensional oriented Riemannian manifold M
which is also compact. Since the concept of spin® quantization will be defined as the
index of the operator D™, it makes sense to define it only for even dimensional manifolds.

The compactness is used to ensure that dim(ker(D™)) and dim(coker(D%)) are finite.
Definition 3.5.1. Assume that the following data are given:

1. An oriented compact Riemannian manifold M of dimension 2m.

2. G a Lie group that acts on M by orientation preserving isometries.

3. P — SOF(M) a G-equivariant spin‘-structure.

4. A U(1) and G-invariant connection on P, = P/Spin(2m).

Then the spin® quantization of M, with respect to the above date, is the virtual complex
G-representation Q(M) = ker(D*) — coker(D™).
The index of DT is the integer index(D™) = dim(ker(D™)) — dim(coker(DT)).

Remark 3.5.1. In the absence of a GG action, the spin® quantization is just a virtual

complex vector space.



Chapter 4

Spin® Cutting

In [4] Lerman describes the symplectic cutting construction for symplectic manifolds
equipped with a Hamiltonian G-action. In [6] this construction is generalized to manifolds
with other structures, including spin® manifolds. However, the cutting of a spin®-structure
is incomplete in [6], since it only produces a spin® principal bundle on the cut spaces
P..; — M.y, without constructing a map Pu, — SOF (Mey).

In this chapter, we describe the construction from section 6 in [6] and fill the necessary
gaps.
From now on we will work with G-equivariant spin® structures. This includes the non-

equivariant case when G is taken to be the trivial group {e}.

4.1 The product of two spin® structures

Note that the group SO(m) x SO(n) naturally embeds in SO(n +m) as block matrices,

and therefore it acts on SO(n + m) from the left by left multiplication.

The proof of the following claim is straightforward.

Claim 4.1.1. Let M and N be two oriented Riemannian manifolds of respective dimen-

18
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stons m and n. Then the map

[(f,9), K] = (f,9) 0 K
is an isomorphism of principal SO(n + m)-bundles.
Here, f : R™ = T,M and g : R® = T,N are frames, and K : R™™" — R™ s ip
SO(m +n).
The above claim suggests a way to define the product of two spin® manifolds (see also
Lemma 6.10 from [6]). There is a natural group homomorphism j : Spin(m) x Spin(n) —

Spin(m + n), which is induced from the embeddings
R™ — R™ x {0} C R™*" and R" — {0} x R* Cc R™™" .
This gives rise to a homomorphism
J°: Spin®(m) x Spin®(n) — Spin“(m+n) , ([A,a],[N,b]) — [j(A, B),ab ,

and therefore Spin®(m) x Spin®(n) acts from the left on Spin®(m + n) via j°.
If a group G acts on two manifolds M and N, then it clearly acts on M x N by

g-(m,n)=(g-m,g-n), and the above claim generalizes to this case as well.

Definition 4.1.1. Let G be a Lie group that acts on two oriented Riemannian manifolds
M ,N by orientation preserving isometries. Let Py — SOF (M) and Py — SOF(N) be

G-equivariant spin® structures on M and N. Then
P = (Py X Pn) X spine(m)xSpinc(n) Spin‘(m +n) — SOF(M x N)

is a G-equivariant spin®-structure on M x N, called the product of the two given spin®

structures.

Remark 4.1.1. In the above setting, if Ly, and Ly are the determinant line bundles
of the spin® structures on M and N, respectively, then the determinant line bundle of
P — SOF(M x N)is Ly X Ly (exterior tensor product). See Lemma 6.10 from [6] for

details.
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4.2 Restriction of a spin® structure

In general, it is not clear how to restrict a spin®-structure from a Riemannian oriented
manifold to a submanifold. However, for our purposes, it suffices to work with co-oriented

submanifolds of co-dimension 1.

The proof of the following claim is straightforward.
Claim 4.2.1. Assume that the following data are given:

1. M an oriented Riemannian manifold of dimension m.
2. G a Lie group that acts on M by orientation preserving isometries.
3. Z C M a G-invariant co-oriented submanifold of co-dimension 1.

4. P— SOF(M) a G-equivariant spin°-structure on M.
Define an injective map

i: SOF(Z) — SOF(M) : i(f)ar, .. yam) = flar, ..., am-1) + Qm - Uy

~

where f: R™' 5 T,7 is a frame in SOF(Z), and v € T(TM]|z) is the vector field of
positive unit vectors, orthogonal to T'Z.
Then the pullback P' = i*(P) — SOF(Z) is a G-equivariant spin°-structure on Z, called

the restriction of P to Z.
Remark 4.2.1.

1. This is the relevant commutative diagram for the claim:

P =i#P) —> P

l l

SOF(Z) —— SOF(M)

| |

A — M
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2. The principal action of Spin®(m — 1) on P’ is obtained using the natural inclusion

Spint(m — 1) < Spin®(m).

3. The determinant line bundle of P’ is the restriction to Z of the determinant line

bundle of P.

4.3 Quotients of spin‘ structures

We now discuss the process of taking quotients of a spin® structure with respect to a
group action. Since the basic cutting construction involves an S'-action, we will only

deal with circle actions.

Assume that the following data are given:
1. An oriented Riemannian manifold Z of dimension n.
2. A free action S O Z by isometries.

3. P — SOF(Z) an S'-equivariant spin®-structure on Z.

Denote by % € Lie(S') an infinitesimal generator, by (%) , € X(Z) the corresponding
vector field, and by 7 : Z — Z/S" the quotient map. Also let V = 7* (T (Z/S')). This
is an S'-equivariant vector bundle over Z.

V= (T(2/8Y)) —— T(Z/S")

| l

7 " Z/S!

We have the following simple fact.
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Lemma 4.3.1. The map

9 i
(<%>z> —V veT,Z— (p,muv) €V,
is an isomorphism of S*-equivariant vector bundles over Z.

Remark 4.3.1. Using this lemma, we can endow V' with a Riemannian metric and orien-
tation, and hence V' becomes an oriented Riemannian vector bundle (of rank n —1). We
will think of V' as a sub-bundle of T'Z.

Also, if an orthonormal frame in V' is chosen, then its image in T(Z/S") is declared
to be orthonormal. This endows Z/S!' with an orientation and a Riemannian metric,

and hence it makes sense to speak of SOF(Z/S").

Now define a map n: SOF (V) — SOF(Z) in the following way. If f : R"! =, V, is
a frame, then n(f): R* — T,Z will be given by n(f)e; = f(e;) fori=1,...,n—1 and
n(f)en is a unit vector in the direction of (%)Zp

The following lemmas are used to get a spin® structure on Z/S!. Their proofs are

straightforward and left to the reader.

Lemma 4.3.2. The pullback n*(P) C SOF(V) x P is an S'-equivariant spin°-structure
on SOF (V).
(The S*-action on n*(P) is induced from the S*-actions on SOF (V') and P, and the right

action of Spin®(n — 1) is induced by the natural inclusion Spin®(n — 1) C Spin®(n)).
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Lemma 4.3.3. Consider the S'-equivariant spin®-structure n*(P) — SOF(V) — Z.
The quotient of each of the three components by the left S* action gives rise to a spin®

structure on Z/S', called the quotient of the given spin®-structure.

P :=n*(P)/S!

l

SOF(Z/8") = SOF(V)/S"

|

Z/S!
Remark 4.3.2. If L is the determinant line bundle of the given spin® structure on Z, then

the determinant line bundle of P is L/S?.

4.4 Spin® cutting
We are now in the position of describing the process of cutting a given S'-equivariant

spin‘-structure on a manifold. Assume that the following data are given:

1. An oriented Riemannian manifold M of dimension m.
2. An action of S! on M by isometries.

3. A co-oriented submanifold Z C M of co-dimension 1 that is Sl-invariant. We
also demand that S' acts freely on Z, and that M \ Z is a disjoint union of two
open pieces M., M_, such that positive (resp. negative) normal vectors point into
M, (resp. M_). Such submanifolds are called reducible splitting hypersurfaces (see
Definitions 3.1 and 3.2 in [6]).

4. P — SOF(M) an S'-equivariant spin‘-structure on M.

We will use the following fact.

Claim 4.4.1. There is an invariant (smooth) function ® : M — R, such that ®~(0) =

Z, 7 10,00) = My, 7 1(—00,0) = M_ and 0 is a regular value of ®.
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To prove this claim, first define ® locally on a chart, use a partition of unity to get a
globally well defined function on the whole manifold, and then average with respect to
the group action to get S'-invariance.

This function @ plays the role of a ‘moment map’ for the St action. To define the cut

space M, first introduce an S'-action on M x C

cut»

a-(m,z)=(a-m,a'2)

and then let MT, = {(m, 2)|®(m) = |z|?} /S*. The cut space M_
) p

P cut is defined similarly,

using the diagonal action on M x C
a-(m,z)=(a-m,a-z)

and by setting M_,, = {(m, 2)|®(m) = —|z|*} /SL.
Remark 4.4.1. The orientation and the Riemannian metric on M (and on C) descend to

the cut spaces MZ, as follows. M x C is naturally an oriented Riemannian manifold.

CUu,

Consider the map

d:MxC—R d(m, z) = O(m) — |2|?

Zero is a regular value of ®, and therefore Z = &3_1(0) is a manifold. It inherits a metric
and is co-oriented (hence oriented). Since S! acts freely on Z, the quotient M, = Z/S"
is an oriented Riemannian manifold (see Remark 4.3.1).

A similar procedure, using ®(m, z) = ®(m) + |2[2, is carried out in order to get an
orientation and a metric on M_,.

We also have an S! action on the cut spaces (see Remark 4.4.2).

The purpose of this section is to describe how to get spin® structures on M=, from

the given spin®-structure on M. We start by constructing a spin‘-structure on MJ,.

Step 1. Consider C with its natural structure as an oriented Riemannian manifold, and
let

Pe = C x Spin°(2) — SOF(C) = C x SO(2) — C
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be the trivial spin®-structure on C. Turn it into an S'-equivariant spin‘-structure by

letting S* act on Pg:
e (z,[a,b]) = (7”2, [x_g2 - a, 0% . p)) 2 € C, [a,b] € Spin°(2)

where g = cosf +sinf - ejey € Spin(2).

Here is a diagram for this structure.

Sl X p(c —_— P(C — P(C X SpZTLC(Q)

l l |

S! x SOF(C) —— SOF(C) «—— SOF(C) x SO(2)

l l

St x C — C
Step 2. Taking the product of the spin® structures P (on M) and P¢ (on C), we get an

(S! equivariant) spin®structure Pyxc on M x C (see §4.1).
Step 3. It is easy to check that
Z ={(m,2)|®(m) = |2’} c M x C

is an Sl-invariant co-oriented submanifold of co-dimension one, and therefore we can

restrict Py«c and get an S'-equivariant spin-structure Py on Z (see §4.2).

Step 4. Since P; — SOF (Z ) — Zisan S L_equivariant spin® structure, we can take the

quotient by the S-action to get a spin®-structure P, on M7, = Z/S" (see §4.3).

U

Remark 4.4.2. The spin‘-structure P, can be turned into an S'-equivariant one. This

is done by observing that we actually have two S! actions on M x C: the anti-diagonal
action a-(m, z) = (a-m,a™1-z) and the action on M: a-(m, z) = (a-m, z). These actions

commute with each other, and the action on M naturally decends to the cut space M,

and lifts to the spin®-structure P

cut*

Let us now describe briefly the analogous construction for M_,,.
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Step 1. Define Pr as before, but with the action
e (z,[a,b) = ("2, [wg/2 - a, e/ - b])
Step 2. Define the spin®-structure Py;«c on M x C as before.
Step 3. As before, replacing Z with {(m, 2)|®(m) = —|z|2} ¢ M x C .
Step 4. Repeat as before to get a spin®-structure P, on M_,,.

U

Remark 4.4.3. In step 1 we defined a spin®-structure on C. The corresponding determi-
nant line bundle is the trivial line bundle L = C x C over C (with projection (z,b) — z).

The S! action on L is given by

(a™t-z,a-b) for P}

cut

\ (a-z,a-b) for P,

If L is the determinant line bundle of the given spin®-structure on M, then the determi-

nant line bundle on MZ, is given by

LE, = [(LRL)|;] /5"

cut

where we divide by the diagonal action of S' on L x L¢. This is an S'-equivariant

complex line bundle (with respect to the action on M).
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The Generalized Kostant Formula

for Isolated Fixed Points

Assume that the following data are given:
1. An oriented compact Riemannian manifold M of dimension 2m.
2. T =T™ an n-dimensional torus that acts on M by isometries.
3. P — SOF(M) a T-equivariant spin®structure, with determinant line bundle L.
4. A U(1) and T-invariant connection on P, = P/Spin(2m).

As we saw in §3.5, this data determines a complex virtual representation Q(M) =

ker(D%) — coker(D™) of T. Denote by x: T'— C its character.

Lemma 5.0.1. Let x € M7 be a fized point, and choose a T-invariant complex structure
J : T,M — T,M. Denote by cy,...,a, € t° = Lie(T)* the weights of the action
T OT,M, and by u the weight of T' O L. Then % <u — 2721 aj> 15 1n the weight lattice
of T.

27
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Proof. Decompose T,M = L ® ---® L,,, where each L; is a 1-dimensional T-invariant
complex subspace of T, M, on which 7" acts with weight «;. Fix a point p € P,.
For each z € T, there is a unique element [A,,w,|] € Spin®(2m) such that z - p =

p - [A,, w,]. This gives a homomorphism
n: T — Spin®(2m) : z = [A,, w,]

(note that A, and w, are defined only up to sign, but the element [A,, w,] is well defined).
Choose a basis {e;} C T, M (over C) with e; € L; for all 1 < j < m. With respect to
this basis, each element z € T" acts on T, M through the matrix

2z 0

a2

Al = ' e U(m) C SO(2m) .

0 Zm

This enables us to define another homomorphism
n:T — SO(2m) x S! : 2 (AL, 2") .

It is not hard to see that the relation z - p = p- [A.,w,] (for all z € T') will imply the

commutativity of the following diagram.

Spin‘(2m)

P
T —— SO(2m) x S
n

(The vertical map is the double cover taking [A, 2] € Spin®(2m) to (A(A), 2?) ). For any

z=-exp(f) € T, O € t, we have

AMA)=A, = A, = ﬁ [cos (O‘JT@) + sin

J=1

(O‘JT@) ejj(ej)] & Spin(2m)

(where the spin group is thought of as sitting inside the Clifford algebra)
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and

Note that

Tspinc(2m) = { [H (cost; +sint; - e;J(ej)) ,u] t;eR, ue Sl} C Spin(2m)

Jj=1
is a maximal torus, and that in fact 7 is a map from 7" to Tspine(2m)-

Now define another map

¥ Tspine(am) — S' : [H (cost; +sint; - ejJ(ej),u)] - e il

J=1

By composing 1 and ) we get a well defined map ¥ on: T — S! which is given by
NS TR <Y
6.73]?(9) — (616’) 2(.“ ZJ ])(9)
and therefore £ (,u -2 aj> must be a weight of T O

Remark 5.0.4. The idea in the above proof is simple. To show that g = % (u — zj Oéj)
is a weight, we want to construct a 1-dimensional complex representation of 7" with
weight 5. The map 7 is a natural homomorphism 7" — Spin®(2m). The map 1) is
nothing but the action of a maximal torus of Spin(2m) on the lowest weight space of
the spin representation Aj = (see Proposition 3.3.2, and Lemma 12.12 in [7]). Finally,

Won: T — S!is the required representation.

The following is proposition 11.3 from [7].

Proposition 5.0.1. Assume that the fized points MT of the action on M are isolated.

For each p € MT, choose a complex structure on T,M, and denote by
1. 0y 0oy € t° the weights of the action of T' on T, M.
2. |, the weight of the action of T' on L,,.

3. (=1)P will be +1 if the orientation coming from the choice of the complex structure

on T,M coincides with the orientation of M, and —1 otherwise.
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Then the character x: T — C of Q(M) is given by

m A~%p/2 _ \%p/2

X()\) = Z Vp(>\) Vp()‘) = (_1>p P H (1 — )\aj,p)(l — /\—aj,p)

pEMG Jj=1

where \° : T — S' is the representation that corresponds to the weight (3 € t*.

Remark 5.0.5.

1. Although +a;,/2 may not be in the weight lattice of 7', the expression 1,(A), can

be equivalently written as

m

1 — \%»
—1)P. )\(Np*zj' O‘jvp)/z X
( ) H (1 _ Aaj’Z))(l _ A_ajvp)

Jj=1

By Lemma 5.0.1, (up - aj7p> /2 is a weight, so v,(\) is well defined.

2. Since the fixed points of the action 7" © M are isolated, all the «;,’s are nonzero.

This follows easily from Theorem B.26 in [2].

Now we present the generalized Kostant formula for spin® quantization.
Assume that the fixed points of 7' O M are isolated, choose a complex structure on 7, M
for each p € M7, and use the notation of Proposition 5.0.1. By the above remark, we
can find a polarizing vector £ € t such that «;,(§) # 0 for all j,p. We can choose our
complex structures on T, M such that «;,(§) € iR* for all j, p.

For each weight 5 € t* denote by # (3, Q(M)) the multiplicity of this weight in Q(M).

Also, for p € MT define the partition function N, : t* — Z* by setting:

Np(ﬁ):‘{(kl,,km>€ (Z—F%)m : 64‘2]{]'043',},:0 , kj>0}
j=1

The right hand side is always finite since our weights are polarized.

Theorem 5.0.1 (Kostant formula). For any weight 5 € t* of T, we have

#0.000) = 3 (175, (5 50 )

peMT
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Proof. For p € MT and X € T, set a; = a;, and p = p,. From Proposition 5.0.1 we

then get

T AT (1 = ) ) T 1
A = (=1)P . (W2 | | — (—1)P . N\, )
W) = (=) LIy =) (=1) ]Hl 1— A

=

Note that we have

Where the sum is taken over all weights 5 € t* in the weight lattice ¢* of T" and N,(5) is

the number of non-negative integer solutions (ki, ..., k) € (Z4)™ to
ﬁ + Z k?jOéj =0
j=1
(see formula 5 in [5]). Hence,

vp(A) = (=1)F- Z N,(5) - \B+z (=3 ))
pel

By Lemma 5.0.1, 3(u — >.ja;) € £ (ie, it is a weight), so by change of variable

B B —5(n =3, a;) we get

() = (17 SN, (ﬁ—;w;z%) P%

Bel*

By definition, N, (ﬁ — % 1+ % > i aj) is the number of non-negative integer solutions for

the equation
1 1
ﬁ—§u+52aj+2kjaj =0
J j
or, equivalently, to

1 1
ﬁ—§u+;<kj+§)aj:()

Using the definition of N, (see above) we conclude that

5 (1 g 3 o) < (- 3]
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and then

4 = (17 SN, (5= ) ¥

Bel*

This means that the formula for the character can be written as
— 1
=% | T 1r W, (5= gu) | ¥
pel* | peMT
and the multiplicity of 5 in Q(M) is given by
— 1
#00,Q00) = X (177, (5~ 3n)
peMT

as desired.

32



Chapter 6

The Generalized Kostant Formula

for Non-Isolated Fixed Points

6.1 Equivariant characteristic classes

Let an abelian Lie group G (with Lie algrbra g) act trivially on a smooth manifold X.
We now define the equivariant cohomology (with generalized coefficients) and equivariant
characteristic classes for this special case. For the more general case, see [9] or Appendix

Cin [2].

Definition 6.1.1. A real-valued function « is called an almost everywhere analytic func-

tion (a.e.a) if
1. Its domain is of the form g\ P, and P C g is a closed set of measure zero.
2. It is analytic on g \ P.

Denote by C#(g) the space of all equivalence classes of a.e.a functions on g (two such

functions are equivalent if they coincide outside a set of measure zero).

Let A%(X) = C#(g) ® Q*(X;C) be the space of all a.c.a functions g — Q°(X;C),

where Q°(X;C) is the (ordinary) de Rham complex of X with complex coefficients.

33
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Define a differential (recall that G is abelian and the action is trivial)
dg - AL(X) — AZL(X) (dg)(u) = d(a(u))

and the G-equivariant (de Rham) cohomology of X

_ Ker(dy)
HE(X) = Tmldy)

Note that HZ(X) is isomorphic to the space C#(g) @ H*(X;C) of a.e.a functions g —
H*(X;C). Equivariant characteristic classes will be elements of the ring H, zf (X).
If X is compact and oriented, then equivariant cohomology classes can be integrated

over X. For any class [a] € H}(X) and u in the domain of a, let

([e) = [ @)

and thus [, [a] is an element of C#(g) ® C.

Assume now that both X and G are connected, and let 7: L. — X be a complex line
bundle over X. Assume that G acts on the fibers of the bundle with weight p € g*,
ie., exp(u) -y = e .y forallu € g and y € L (so the action on the base space is
still trivial). Denote by ¢;(L) = [w] € H*(X) the (ordinary) first Chern class of the line
bundle. Here w € Q%(X) is a real two-form. Then the first equivariant Chern class of
the equivariant line bundle L — X is defined to be [w + u] € HZ(X). We will denote
this class by ¢;(L).

Now assume that £ — X is a G-equivariant complex vector bundle of complex rank &
(where G acts trivially on X)), that splits as a sum of k equivariant complex line bundles
E =1L ® - ® L (one can avoid this assumption by using the (equivariant) splitting
principle). Let ¢1(L1) = [w1 + pa], -+, é1(Ly) = [wk + px] be the equivariant first Chern
classes of these line bundles, and define the equivariant Fuler class of E by

k k
Eu(E) =[] a(L) = [H(%’ + )| € HE(X).

J=1
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We will also need the equivariant A-roof class, which we will denote by A(E). To
define this class, consider the following meromorphic function

z z/2
f(z) = 02/2 _ o2 sinh(z/2)

f0)=1.

Its domain is D = C \ {&2mi, +4mi, ... }. Define, for each 1 < j <k,

) (4
FALD) = Fea(Ly) + i) = 3 L0)

n=1

(ea (L))"

whenever p;(u) € D for all 1 < j <k, and also

Also note that the quotient
A(E)

can be defined using the same procedure, replacing f(z) with

m . If all the uj’s

are nonzero, then
A(E) -
= e H(X).

6.2 The Kostant formula

Assume that the following data are given:
1. An oriented compact Riemannian manifold M of dimension 2m.
2. A circle action S* ©) M by isometries.
3. An S'-equivariant spin®-structure P — SOF(M), with determinant line bundle L.
4. A U(1) and S'-invariant connection on P, = P/Spin(2m) — M.

In this section we present a formula for the character y: S' — C of the virtual
representation QQ(M) determined by the above data (see §3.5). We do not assume,

however, that the fixed points are isolated.
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We use the following conventions and notation.
e M5 is the fixed points set.

e For each connected component F ¢ M5S', let NF denote the normal bundle to
TF C TM. The bundles NF and TF are S'-equivariant real vector bundles of
even rank, with trivial fixed subspace, and therefore are equivariantly isomorphic
to complex vector bundles. Choose an equivariant complex structure on the fibers

of TF and NF, and denote the rank of NF' as a complex vector bundle by m(F).

e The complex structures on N F' and T'F' induce an orientation on those bundles. Let
(—1)* be +1 if the orientation of F' followed by that of NF is the given orientation

on M, and —1 otherwise.
With respect to the above data, choices and notation, we have

Proposition 6.2.1. For all u € g = Lie(S') such that the right hand side is defined,

x(exp(u)) = Z (=1)F - (=1)™F) . /FG;cH(LIF) - A(TF) - ;:g\[?)

where the sum is taken over the connected components of M5

This formula is derived from the Atiyah-Segal-Singer index theorem (see [10]). For
some details, see p.547 in [6].
Without loss of generality we may assume, according to the splitting principle, that

the normal bundle splits as a direct sum of (equivariant) complex line bundles
NF=L{ & - L p

For each fixed component F C M5, denote by {a;p} the weights of the action of
St on {Lf }. As in the previous section, all the a; p’s are nonzero, and we can polarize

them, i.e., we can choose our complex structure on NF' in such a way that o (&) > 0
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for some fixed £ € g and for all j’s and F’s. Also denote by pp the weight of the action
of ST on L|p.

For each 3 € g* = Lie(S")*, define the following set (which is finite, since our weights

are polarized)

1\ ) m(F)
j=1

and for each tuple k = (k1,. .., knr)), let
Py = (_1>m(F)/ e%(q(MF)—Zj ei(L)) A(TF) ce— Xk (L))
’ F

Now define

Np(B) = Z Dir

k‘ES@

With this notation, the Kostant formula in this case of nonisolated fixed points be-

comes identical to the formula for isolated fixed points (from §5).

Theorem 6.2.1. For each weight 3 € g* = Lie(S')*, the multiplicity of 8 in Q(M) is

given by

#.000) = Y (0" Fr (8- gur) |

FcMSt

where the sum is taken over the connected components of M5 .

Proof. For a fixed connected component F C M5, omit the F in o r, pp and Lf , and
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compute

/B;a Lr) . A(TF) ’?(NF) —
» Eu(NF)
m(F) 1
_ la@e)+in .} . =
—/Fe2 AT 1_[1 eler(Li)+a;l/2  e—ler(Lj)ta;]/2
j:

o—len(Ly)+aj)/2

m(F)
= e%u . e%cl(L‘F H =
P 1 — e [e1(Lj)+ay]

m(F)
_ sl [ an -y aw)z | ] 1
€ 7 P CA(TF) H 1 — e—ler(Ly)+ay]

7=1

Using the geometric series

and the notation z = exp(u) we get, for each j, and for each u € g such that the series

converges,
Uer(Lj)+oj(uw)] —l-c1(Lj)
1—e [C1L)+a]u Ze v —26 ’
1=0
(where 27" is the representation of S* that corresponds to the weight —1-«; € £* C g*)
and thus

1
= =Xkien(Ly) | Ll
H 1 — e—lea(Ly)+ay(u)] Z Z e jrieitds) o

j=1 lelr | 1+37; kjoy; =0

The formula that we get for the character is
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x(z) = Z (_1)F . (_1)m(F) . e%[uF(u)*Zj ajr(w)],

FcMs?

1 nl o5
| edla@in-x; e )] A(TF) - o= XjkicaLir) | L
/ 22

lets |1+ kjoy p=0
- Z Z Z (=) D - i (heX; )
let* pepgst l+2j kjoj p=0
Lemma 5.0.1 implies that 3 (,uF -, F) is a weight of S! (so the previous formula is

well defined), hence we can make a change of variables 5 =1 + % Hr — %Z ;aj,r and get

XCE 3 DI DT EED S D DR S en A GRS

Bel* | pcpSt kesﬁf%w Bel* | pcpst
From this we conclude that the multiplicity of § € ¢* C g* in Q(M) is given by

#HO.Q00) = X (-1 Nr (5~ )

FcMms?

as desired (the sum is taken over the connected components of the fixed point set M* .

[]

6.3 The case m(F) =1

To prove the additivity of spin® quantization under cutting, we will need the terms of the
Kostant formula for non-isolated fixed points in the special case where m(F) = 1, i.e.,
when the normal bundle to the fixed components has complex dimension 1. Therefore,

assume that we are given the same data as in §6.2, and also that

e Each fixed component ' C M5 is of real codimension 2 in M, i.e., the normal

bundle NF = TM/TF is of real dimension 2.

For a fixed component F', we adopt all the notation from §6.2. Since m(F') is assumed

to be 1, we have

NF =LF
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and only one weight

a1 Fp = OFf.

For each (3 € g*, the corresponding set Sz becomes

1
ng{kEZ+§ : PH+k-ap=0 /C>O}

which is either empty or contains only one element. The expression for py, - also simplifies

to

Bor=— / L) (NP2 | (TR . e (V)
F

and this implies that

HUr

Prr if Spo1,. = {k}



Chapter 7

Additivity under Cutting

In this chapter we prove our main result, namely, the additivity of spin® quantization
under the cutting construction described in §4.4 .

Our setting is as follows:

1. A compact oriented connected Riemannian manifold M of dimension 2m.
2. An action of S! on M by isometries.

3. An S'-equivariant spin‘-structure P — SOF(M) — M.

4. A co-oriented splitting hypersurface Z C M on which S! acts freely.

After choosing a U(1) and S'-invariant connection on P, = P/Spin(2m), we can
construct a Dirac operator D, whose index Q(M) is independent of the connection. We
call Q(M) the spin® quantization of M (see §3.5).

We can now perform the cutting construction from §4.4 to obtain two other manifolds
ME

ot (the cut spaces). Those cut spaces are also compact oriented Riemannian manifolds

of dimension 2m, endowed with a circle action and with S'-equivariant spin® structures
P:I:

- LThus, we can quantize them (after choosing a suitable connection), and obtain two

virtual representations () (M cﬁt)

41
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Theorem 7.0.1. As virtual representations of S', we have
QM) =Q (M},) & Q (M)

We will need a few preliminary lemmas for the proof of the theorem. Those are similar

to Proposition 6.1 from [6], where a few gaps where found.

7.1 First lemma - The normal bundle

Recall the construction of M=,

from §4.4.

e Choose an S'-invariant smooth function ¢: M — R such that ¢=1(0) = Z,

¢ 10,00) = My, ¢71(—00,0) = M_, and 0 is a regular value of ¢.

e Define Z* = {(m, 2) | ¢(m) = %|2>} € M xC, and let S* act on Z* by a-(m, z) =
(a-m,a¥t-2).
e Finally, define ME, = Z*+/S" .

Remark 7.1.1. Note that we have S'-equivariant embeddings

Z — 7% m (m,0) and Z/S" — MZ

cut > [m] = [m, 0]
and therefore we can think of Z and Z/S" as submanifolds of Z* and MZ,, respectively.
Lemma 7.1.1.
1. The maps
n: T(Z¥)|; — Z x C n:(v,w)GT(mvg)ZiH(m,w)

gie rise to short eract sequences

0—TZ —TZ%;, 1 ZxC—0
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of S'-equivariant vector bundles (with respect to both the diagonal (anti-diagonal)

action and the action on M) over Z. The action on Z x C is taken to be

a-(m,z)=(a-m,a™" z2).

2. The short exact sequences above descend to the following short exact sequences
0—T(2/S") — T(Mz,)| 7561 — Z x51C — 0

of equivariant vector bundles over Z/S*. The S* action on Z x g C is induced from

the action on Z.
Proof.

1. The S'-equivariant embedding Z — Z* gives rise to an injective map TZ — TZ*,
which is an S'-equivariant map of vector bundles over Z. The map 7 is onto, since

for any (m,w) € Z x C we have n(0,w) = (m,w), and it is equivariant since for

(v,w) € Ty Z* , m € Z we have
77(‘1'("17“})) :n(am,(ﬁ-w):(a~m,(ﬁ‘w):a~(m,z)

(and similarly for the action on M).

To prove ker(n) = TZ, note that the definitions of ¢ and Z imply that

TZ* = {(v,w) € TimyM x C @ dop(v) = (z-W+Z-w) , (M, 2) € Zi}
TZ ={veT,M : dp,(v) =0, meZ}
so (v,w) € T(m,o)gi satisfies n(v, w) = (m,0) if and only if
w=0 and d¢,(v)=0 & v=(0,0)€TWZ C ThmoZ*

and hence ker(n) = TZ and the sequence is exact.
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2. is a direct consequence of (1).
[l

Let N* — Z be the normal bundle to Z in Z*, and N° — Z/S be the normal

bundle to Z/S* in MZ

cut- The above lemma implies:

Corollary 7.1.1. The short exact sequences of Lemma 7.1.1 induce isomorphisms
N*—=.2Z2xC N —Z=-7ZxaC

of equivariant vector bundle, and hence an orientation on the fibers of the bundles N

(coming from the complex orientation on C).

Remark 7.1.2. Note that the map

N+:ZX51C—>N7:ZXSIC

, [z,a] — [z, 4]
is an S'-equivariant orientation-reversing bundle isomorphism.

Claim 7.1.1. The natural orientation on Z/S* C MZE,, coming from the reduction pro-

cess, followed by the orientation of Ni, gives the orientation on M=,

Proof. Fix x € Z. Choose an oriented orthonormal basis for T, M of the form

V1y...,V2m—2,V9,UN

where vg = ¢+ (%) Ma is a positive multiple of the generating vector field at x € Z (¢ > 0
is chosen such that vy has length 1), {v1, ..., vgy_2, v} are an oriented orthonormal basis
for T,.Z, and vy is a positively oriented normal vector to Z.

By the definition of the metric and orientation on the reduced space, the push-forward
of v1,...,v9, o by the quotient map Z — Z/S! is an oriented orhonormal basis for
Ty (2/5).

Now the vectors

Viy...,U2m—-2, ].,i, Vg, UN € T(m:O)M X C



CHAPTER 7. ADDITIVITY UNDER CUTTING 45

are an oriented orthonormal basis, where 1,72 € C. Note that (%)M = (%)ch on
Z = 7Zx{0} € M xC, and that the normal to Z in M can be identified with the normal
to Z% in M x C, when restricted to Z C Z*. Hence, the push forward of vy, . .., Vam_o, 1,1
by the quotient map Z* — MZ, is an orthonormal basis for im0 MZ,.

Since 1,7 descend to an oriented orthonormal basis for (Ni)x, when identified with

C using Corollary 7.1.1, the claim follows. O]

7.2 Second lemma - The determinant line bundle.

We would like to relate the determinant line bundles of P, (over MZ,

), which will be
denoted by L, to the determinant line bundle L of the spin-structure P on M. Denote

Lyeq = (L|z) /S*. This is a line bundle over Z/S' ¢ MZ,.

Then we have:

Lemma 7.2.1. The restriction of LE, to Z/S' is isomorphic, as an S*-equivariant

complez line bundle, to Lyeq @ N .

Remark 7.2.1. This is not a typo. The restrictions of both L}, and L_,, are isomorphic

cut

to Lred X N _.
Proof. Recall that the determinant line bundle over the cut spaces is given by

Lo = [(LBLc) 5] /S

cut —

where L¢™ is the determinant line bundle of the spin®structure on C, defined in the

process of constructing P=,, and we divide by the diagonal action of S* on L x L¢™.

cut»

Therefore we have
LE,lz/s1 = [LRLcY)|z] /8" = [L]z K Lc*|y] /5"

Since the S' action on the vector space Lci\{o} has weight +1 (see Remark 4.4.3) we
end up with
L£t|z/51 = Lred® (N_/Sl) = Lred®w_
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as desired.

]

Corollary 7.2.1. If F C Z/S' C MZ, is a connected component, then S* acts on the

fibers of (L%,) |r with weight +1.

Proof. The previous lemma implies that
Lotlr = Lrealr @ N | p.

The action of S on L, is trivial. Using the isomorphism N~ Z x g1 C from Corollary

7.1.1, we see that the action of S* on the fibers of N |z will have weight +1.

7.3 Third lemma - The spaces M.

Recall that M \ Z = M, [[ M_ (disjoint union), where My C M are open submanifolds.

We have embedding

iv: My — ME mi— [m,\/E£p(m)]

which are equivariant and preserve the orientation (see Proposition 6.1 in [6]). Also recall
that, as sets, we have M, = Z/S* ] M.
It is important to note that the embeddings My — M=, do not preserve the metric.

This, however, will not effect our calculations.

Lemma 7.3.1. The restriction of . to My is isomorphic to the restriction of LE, to

M. In other words,

]L’|M:l: = (Lit) |M:l:

Proof. Let
M, = {(m, VESm)) :m € Mi} c 7,
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and let

pri: M x C— M , pro: M x C — C

be the projections. Then
Lo = [(pri(L) @ prs(Le)) [ 32] /S
and when restricting to M4, we get
Lol = pri(L)l5z, © pra(Lo)lsz, = L, © pri(Le)l,

Since My ~ M. The term pri(Lc)| 37, 1s a trivial equivariant complex line bundle, so
we conclude that

Lit‘M:t = ]L|M:t ®C= ]LlM:t

as needed. O

7.4 The proof of additivity under cutting

Using all the preliminary lemmas, we can now prove our main theorem.

Proof of Theorem 7.0.1.

Write M \ Z = M, LU M_ . Because the action S' © Z is free, the submanifold Z C M
is a reducible splitting hypersurface (see §4.4). Every connected component F' C M ' of
the fixed point set must be a subset of either M, or M_ .

Also recall that MZE, = My LU Z/S', and the action of S! on Z/S! is trivial (and hence
7/S" is a subset of the fixed point set under the action S O MZ,).

Using the Kostant formula (Theorem 6.2.1) we get, for any weight 8 € Lie(S*)*,

#O.Q00) = X (1) Fr (8- u )

FcMmst

DL A CEE A TR DN I A R

Fc(My)S! Fc(M-)S!
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where the sum is taken over the connected components of the fixed point sets. For the

cut spaces we have the following equalities.

L5,QME) = 3 (<17 Ng (ﬁ—%w)

rc(mt,)”

~ Y (e (@—%@ Y ()P W (ﬁ—%w) -

FC(Mi)Sl FCZ/Sl

In order to prove additivity, we need to show that

> (=)F-Np (6— %w) + > (=DF-Np (6 — %up) =0.

Fcz/StcM, Fcz/StcM,

cut cut

Note that the summands in the two sums above are different. In the first, we regard F

as a subset of M

-1, and in the second, as a subset of M_,,.

Choose a connected component F' C Z/S*. Note that F is oriented by the reduced

orientation. Since F' can be regarded as a subset of both M we will add a

CUu,

, and M_ ,,
superscript F'* to emphasize that I is being thought of as a subspace of the corresponding
cut space.

It suffices to show that

() ()F N <ﬁ - gﬂ) AR (5 _ %u) o

Recall that Z C M is of (real) codimension 1, and so Z/S' C MZ, is of (real)
codimension 2. Therefore, the normal bundle N F* to Z/S! in the cut spaces has rank 2.

We can turn the bundles NEF* to complex line bundles using Corollary 7.1.1, and then
the weight of the action S' ) NF* will be —1 for NF* and +1 for NF~.
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This is, however, not good, since in order to write down Kostant’s formula, we need
our weights to be polarized. Therefore, we will use for NF ~ the complex structure

coming from the isomorphism
NF~ = ZxqaC,

and for NF*, we will use the complex structure which is opposite to the one induced by
the isomorphism

NFt = Z x4 C.

With this convention, the bundles NF* become isomorphic as equivariant complex

line bundles, and the weight of the S'-action on those bundles is +1.

+

cut» When restricted to F',

Also, Lemma 7.2.1 implies that the determinant line bundles L
are isomorphic as equivariant complex line bundles, and the weight of the S!-action on
the fibers of LE,|p is +1.

Recall now (see §5.3) that the explicit expression for N p+ (ﬁ - % L Fi) involves only

the following ingredients:

e i+, which are equal to each other (up+ = +1), since L, |r ~ L_,|r.

e ¢;(NF*), which are equal since NEF* are isomorphic as complex line bundle, by

our previous remark.

e A(TF), which are equal, since F* = F~ as manifolds.

This means that the terms N p+ in equation (*) above are the same.

So all is left is to explain why

=D + (-7 =o0.

But this follows easily from Claim 7.1.1. This claim implies that the orientation on F'~,

followed by the one of NF ~, gives the orientation of M_,. Hence, (—1)f" = 1. Since
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we switched the original orientation for N F*, composing the orientation of F'™ with the

+

one of NE* will give the opposite orientation on MJ,, and hence (—1)f" = —1. The

additivity result follows.



Chapter 8

An Example: The Two-Sphere

In this chapter we give an example, which illustrates the additivity of spin® quantization
under cutting.

In this example, the manifold is the standard two-sphere M = S? C R?, with the
outward orientation and the standard Riemannian structure. The circle group S* ¢ C
acts effectively on the two sphere by rotations about the z-axis.

We will need the following lemma.

Lemma 8.0.1. Let M be an oriented Riemannian manifold, on which a Lie group G
acts transitively by orientation preserving isometries. Choose a point x € M and denote

by G, the stabilizer at x and by o: G, — SO(T,M) the isotropy representation. Then:
1. G, acts on SO(T, M) by g-A=0(g)o A .

2. The map

G-M , g—gx

is a principal G, -bundle (where G, acts on G by right multiplication).

3. The principal SO(T,M)-bundle G x¢, SO(T,M) is isomorphic to SOF(M), the

bundle of oriented orthonormal frames on M.

o1
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Proof. (1) is easy. (2) follows from Proposition B.18 in [2] (with H = G.), together with
the fact that G/G, is diffeomorphic to M. To show (3), consider the map taking an
element [g, A] € G x¢g, SO(T,M) to the frame g, 0 A: T,M = T,,M. This map can be

easily checked to be an isomorphism of principal SO(T, M )-bundles. ]

8.1 The trivial S'-equivariant spin® structure on S

To define an S'-equivariant spin®-structure on S?, one needs to describe the space P and

the maps in a commutative diagram of the following form (see Remark 3.2.3).

St x P e P —— P x Spin¢(2)

l ‘| |

S! x SOF(S?) —— SOF(S?) «—— SOF(S5?%) x SO(2)

l |

St x §? SN S?

Set P = Spin‘(3). By the above lemma, the choice of a point x = (0,0,1) € S? and
a basis for T,5? give an isomorphism between the frame bundle of S? and SO(3) X so2)

SO(2) = SO(3). Thus SOF(S?) = SO(3), and our diagram becomes

St x Spin©(3) —— Spin®(3) «——— Spin®(3) x Spin°(2)

| ‘| l

SUx SO(3) —— SO(B) «—— SO(3) x SO(2)

l |

Sl ><S2 _— 52



CHAPTER 8. AN EXAMPLE: THE TwO-SPHERE 53

Now we describe the maps in this diagram. Denote

cosf —sinf 0
Co=] sinf cosf® 0
0 0 1
The map S x S? — S? is rotation about the vertical axis, i.e., (e?,v) — Cy- v .

The second horizontal row gives the actions of S* and SO(2) on the frame bundle
SO(3). Those are given by left and right multiplication by Cy, respectively. The covering
map 7: SO(3) — S? is given by A — A -z, and A is the natural map from the spin®
group to the special orthogonal group.

All is left is to describe the actions of S* and Spin¢(2) on Spin®(3) (the top row in the
diagram). Since Spin®(2) C Spin®(3), this group will act by right-multiplication. The
Sl-action on Spin®(3) is given by

(e, [A,2]) — [zgp2- A, e9/2 . 4] (8.1)
where zy = cos ) +sinf - e;e; € Spin(3). Note that g/, and e%/2 are defined only up to
sign, but the equivalence class [zg/s , €?/?] is a well defined element in Spin(3).

We will call this S'-equivariant spin® structure the trivial spin®-structure on the S*-

manifold S?, and denote it by Py. The reason for using the word ‘trivial’ is justified by

the following lemma.

Lemma 8.1.1. The determinant line bundle of the trivial spin®-structure Py is isomor-

phic to the trivial complex line bundle . = S? x C, with the non-trivial S*-action
St x L — L : (€, (v, 2)) — (Cy-v,e” - 2)
Proof. 1t is easy to check that the map
L = Spin®(3) X gpinc2) C — S x C , [[A, 2], w] — (A(A) -z, 22w) |

where \: Spin(3) — SO(3) is the double cover and = = (0,0, 1) is the north pole, is an

isomorphism of complex line bundles. The fact that S! acts on L via (8.1), and that
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A(wg/2) = Cp, implies that the S L action on S? x C, induced by the above isomorphism,

is the one stated in the lemma. O

Another reason for calling Py a trivial spin-structure, is that the quantization Q(S?)
(with respect to Py) is the zero space. We do not prove this fact now, since it will follow

from a more general statement (see Claim 8.2.3).

8.2 Classifying all spin® structures on S2.

Quantizing the trivial spin®-structure on S? is not interesting, since the quantization is
the zero space. However, once we have an equivariant spin®-structure on a manifold,
we can generate all the other equivariant spin® structures by twisting it with complex
equivariant Hermitian line bundles (or, equivalently, with equivariant principal U(1)-
bundles). For details on this process, see Appendix D, §2.7 in [2]. We will use this
technique to construct all spin® structures on our S*-manifold S2.

It is known that all (non-equivariant) complex Hermitian line bundles over S? are
classified by H?(S% 7Z) = Z, i.e., by the integers. The S'-equivariant line bundles over
S? are classified by a pair of integers (for instance, the weights of the S'-action on the
fibers at the poles). This is well known, but because we couldn’t find a direct reference,
we will give a direct proof of this fact.

Here is an explicit construction of an equivariant line bundle over S?, determined by a

pair of integer.

Definition 8.2.1. Given a pair of integers (k,n), define an S'-equivariant complex Her-

mitian line bundle Ly, as follows:
1. As a complex line bundle,
Lk,n = Spln(?)) X Spin(2) C S3 X g1 C s

where Spin(2) = St acts on C with weight n and on Spin(3) by right multiplication.
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2. The circle group S* acts on Ly, by
Sl X Lk,n — Lk," s (Gw, [A, Z]) — [ZL’@/Q : A, 6%(n+2k) : Z]
where xg = cosf + sinf - eyes € Spin(2) C Spin(3).

And now we prove:

Claim 8.2.1. Fvery S* equivariant line bundle over S? is isomorphic to Ly, for some

k,n e Z.

Proof. Let L be an S'-equivariant line bundle over S?. Since L is, in particular, an
ordinary line bundle, we can assume it is of the form L = S% x g1 C where S! acts on C

with weight n. Also, since L is an equivariant line bundle, we have a map
p: S'x L — L : (e x) e .
Define a map
n:S'x L — L , (e [A, 2]) > [w_gja - A, e 22

This map is well defined.

By composing p and n we get a third map
§:S'x L — L

which lifts the trivial action on S2. Since S? is connected, this composed action will act

on all the fibers of L with one fixed weight k. Therefore, we get
oif . [w_g2 - A, e~ n/2,] = [A, %]
and after a change of variables, the given action S* O L is
¢ . [B,w] = o2 B, ein/24ik0,]

This means that L is isomorphic to Ly ,.
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We now ‘twist’ the trivial spin®structure by U(Ly,,), the unit circle bundle of Ly,
to get nontrivial spin® structures on S?. Observe that the group U(1) acts on Spin®(3)

from the right by multiplication by elements of the form [1,¢] € Spin®(3).

Definition 8.2.2.
Pk,n = PO ><U(l) U(Lk’,n)

where we quotient by the anti-diagonal action of U(1).

This is an S'-equivariant spin®-structure on S?. The principal action of Spin¢(2)
comes from acting from the right on the Py = Spin®(3) component, and the left S'-

action is induced from the diagonal action on Fy X Ly ,.

Claim 8.2.2. Fiz (k,n) € Z*, and denote by L = Ly, the determinant line bundle
associated to the spin®-structure Py, on S?. Let N = (0,0,1) , S = (0,0,—1) € S? be
the north and the south poles.

Then S' acts on L|y with weight 2k + 2n + 1 and on L|s with weight 2k + 1.
Proof. The determinant line bundle is
L= Pk,n XSpinc(Z) C= [Spmc(?)) XU(l) (55 X g1 Sl):| XSpinc(Z) C.

An element of I can be written in the form [[[4, 1], [A, 1]],u], where A € Spin(3) = S®
and u € C.
1. For the north pole N = (0,0, 1), can choose A =1 € Spin(3), hence an element of
LL|y will have the form [[[1,1], [1,1]],u]. Let ¢ € S*, act on L|y, to get
[[[*7:9/27 €i0/2]7 [$0/2> ei@(n+2k)/2]:| au] = H[la 1]7 [$9/2, eiO(nJer)/ZH 7€i0u:| =
_ H[l? 1]7 [170/2; 6i0-n/2]] 76i0(1+2k)u} — H[l? 1]7 [17 eie.n/2 . 6z‘€~n/2H ’€i9(1+2k)u} _

_ “[1’ 1]7 [17 1]] 7€i9(1+2k+2n)u}

and therefore the weight on L|y is 1 + 2k + 2n.
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2. For the south pole S = (0,0, —1) choose A = ese3. We compute again the action
of an element € on [[[A, 1], [A, 1]],u], and use the identity A -zy = x_g - A for any

xg € Spin(2) C Spin(3).

—

[[‘TG/QAa ei0/2]7 [I9/2A7 ei@(n+2k)/2u 7u] = [[[A7 1]7 [A$_9/2, ei@(n+2k)/2]] 767;914 -
_ H[A7 1]’ [A:L",g/g, eie-n/QH ’ei0(1+2k)u} _

— H[A: 1]’ [A, o=i0n/2 eie-n/QH ,eie(”%)u} _ [[[A, 1]’ [A, 1]] ,€i0(1+2k)u}

and therefore the weight on L|g is 2k + 1.
[

Remark 8.2.1. Note that the 2k + 2n + 1 and 2k + 1 are both odd numbers. This is not
surprising in view of Lemma 5.0.1. The isotropy weight at N (or at S) is +1 and its
sum with the weight on Ly (or on Lg) must be even. This implies that the weights of

SY O Lyn,sy must be odd.

Remark 8.2.2. The above claim implies that the determinant line bundle of the spin®-

structure Py, is isomorphic to Logi1 2n, i.€., Lgn = Logy1,2n -

Claim 8.2.3. Fiz (k,n) € Z* and denote by Qn(S?) the quantization of the spin®
structure Py, on S%. Then the multiplicity of a weight 3 € Lie(S')* = R in Qy,,(S?) is
gien by

1 0<pB—k<n

#(B,Qrn(S*) =4 -1 n<B-k<0

0 otherwise

\

In particular, if n =0, then Qy0(S?) is the zero representation.

Proof. By the Kostant formula for spin®-quantization (Theorem 5.0.1) the multiplicity is
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given by
— 142k +2n — 1+ 2k
#(57 Qk,n(sz)) = N(o,o,l) (ﬁ— T) Noo —1) (5— 9 ) .
The definition of N,, implies that
1+ 2k + 2n L f—-k<n
Noony | B— s )=
0 B—k>n
and similarly,
— 1 + 2k L f=k<0
N1 | B— = :
0 6—k>0
Using that, one can compute #(5, Qx,(5?)) and get the required result. ]

8.3 Cutting a spin‘structure on 5S>

Now we get to the cutting of the spin® structure Py, on S?. Let L be the determinant
line bundle of P ,. We take the equator Z = {(cos a, sin, 0)} C S? to be our reducible
splitting hypersurface (see §4.4). The cut spaces MZ, are both diffeomorphic to S?, and

we would like to know what are (P, n) Because the cut spaces are spheres again, we

cut*

must have

(Pen)t, = Pt ot for some integers kK= n®

Corollary 7.2.1 implies that S* acts on L_,|x and on L/ ,|s with weight +1. Lemma
7.3.1 implies that the weight of the S! action on L|y and L|g will be equal to the weight

of the action on L},|y and L_,|s, respectively. From this we get the equations
2kT+1=1 , 2kt4+2nt+1=2k+2n+1 , 2k +2n +1=1 , 2k +1=2k+1
which yield k™ =0, n* =k+n, k= =k, n= = —k. Therefore we obtain:

(Prn)ty = Pokan , (Prn) et = Pr—k -
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Remark 8.3.1. We see that there is no symmetry between the spin® structures on the ‘4’
and ‘—’ cut spaces as one might expect. This is because the definition of the covering
map SO(3) — S? involved a choice of a point (in our case - the north pole), which ‘broke’
the symmetry of the two-sphere.

The quantization of the cut spaces is thus obtained from Claim 8.2.3. For the ‘+’ cut

space we get, for any weight g € Z:
1 —k<pB—-k<n
#(@Q;W(SQ)) = #(3,Qorn(5%) =< —1 n<pfB-—-k<—k

0 otherwise

and for the ‘=’ cut space:

1 0<fB—-k<-—k
#(0,Qn(57) = #(0, Qe r(S*) =< 21 k< f—-k<0

0 otherwise

It is an easy exercise to check that

#(B, Qra(S%)) = #(8, Q1. (%)) + #(8, Q1. (%))

and this implies that as virtual S'-representations, we have
Qin(S?) = Q. (5?) @ QF,.(5%) -

As expected, we have additivity of spin® quantization under cutting in this example.

8.4 Multiplicity diagrams

The S'-equivariant spin® quantization of a manifold M can be described using multiplicity
diagrams as follows. Above each integer on the real line, we write the multiplicity of the

weight represented by this integer, if it is nonzero.
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For example, if n,k > 0, then the quantization @y, of S? is given by the following
diagram.

+1 +1 +1 +1 +1

0 kE k+1 n+k

The quantization of the ‘+’ cut space, Q; , which is equal to Qg y4n, Will have the

following diagram.

+1 +1 +1 +1 +1 +1 +1
— & & & & e e e |

0 1 k  k+1 n+k

Finally, Q. ,, = Qk,— is given by

Clearly, one can see that the diagram of (), is the ‘sum’ of the diagrams of Qin.
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Let us present another case, where only positive multiplicities occur in the quantiza-
tion of all three spaces (the original manifold S? and the cut spaces). This happens if

k <0 <n+ k. In this case, the diagram for @), is as follows.

+1 o 41 41 41 +1 41 41
— & & & & & & & |+
k k+1 0 1 n+k

The diagram for Q:n = Qontk 18

+1 +1 41 41

k 0 1 n+k

and for @, = Q- we have

+1 - 41 41

and again the additivity is clear.

The additivity is clearer in the last set of diagrams, as we can actually see the diagram
of Qk,» being cut into two parts. It seems like the diagram was cut at some point between
0 and 1. The point at which the cutting is done depends on the spin®-structure on C

that was chosen during the cutting process (see §4.4).



Part 11

Spin® Prequantization and

Symplectic Cutting
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Chapter 9

Introduction to Part 11

Given a compact even-dimensional oriented Riemannian manifold M, endowed with a
spin‘-structure, one can construct an associated Dirac operator Dt acting on smooth
sections of a certain (complex) vector bundle over M. The spin® quantization of M with

respect to the above structure is defined to be
Q(M) = ker(D") — coker(D") .

This is a virtual vector space, and in the presence of a G-action, it is a virtual rep-
resentation of the group G. Spin® quantization generalizes the concept of Kahler and
almost-complex quantization (see [6], especially Lemma 2.7 and Remark 2.9) and in some
sense it is a ‘better behaved’ quantization (see Part I of this thesis).

Quantization was originally defined as a process that associates a Hilbert space to
a symplectic manifold (and self-adjoint operators to smooth real valued functions on
the manifold). Therefore, one of our goals in this part is to relate spin® quantization
to symplectic geometry. This can be achieved by defining a spin®-prequantization of
a symplectic manifold to be a spin®-structure and a connection on its determinant line
bundle which are compatible with the symplectic form (in a certain sense). This definition
is analogous to the definition of prequantization in the context of geometric quantization

(see [13] and references therein). Our definition is different but equivalent to the one in
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[6]. Tt is important to mention that in the equivariant setting, a spin®-prequantization
for a symplectic manifold (M,w) determines a moment map ®: M — g*, and hence the
action G O (M, w) is Hamiltonian.

The cutting construction was originnaly introduced by E. Lerman in [4] for symplecitc
manifolds equipped with a Hamiltonian circle action. In Chapter 8 we explained how
one can cut a given S'-equivariant spin-structure on an oriented Riemannian manifold.
Here we extend this construction and describe how to cut a given S!'-equivariant spin‘-
prequantization. This cutting process involves two choices: a choice of an equivariant
spin®-prequantization for the complex plane C, and a choice of a level set ®~!(a) along
which the cutting is done. Our main theorem (Theorem 11.4.1) reveals a quite interesting
fact: Those two choices must be compatible (in a certain sense) in order to make the
cutting construction possible. In fact, each one of the two choices determines the other
(once we assume that cutting is possible), so in fact only one choice is to be made. This
theorem also explains the ‘mysterious’ freedom one has when choosing a spin®-structure
on C in the first step of the cutting construction: it is just the freedom of choosing a
‘cutting point’ a € g* (or a level set of the moment map along which the cutting is done).
Since by our theorem, a can never be a weight, we see why spin® quantization must be
additive under cutting (as proved in Chapter 7).

This part is organized as follows. In Chapter 10 we review the definitions of the spin
groups, spin and spin®¢ structures and define the concept of spin®-prequantization. As an
example we will use later, we construct a prequantization for the complex plane. For
technical reasons, we chose to define spin® prequantization for manifold endowed with
closed two-forms (which may not be symplectic). In Chapter 11 we describe the cutting
process in steps and obtain our main theorem relating the spin®prequantization for C

with the level set used for cutting. In Chapters 12 and 13 we discuss a couple of examples.



Chapter 10

Spin® Prequantization

10.1 Spin® structures

In this section we recall the definition and basic properties of the spin and spin® groups.
Then we give the definition of a spin® structure on a manifold, which is essential for

defining spin®-prequantization.

Definition 10.1.1. Let V be a finite dimensional vector space over K = R or C,
equipped with a symmetric bilinear form B : V x V — K. Define the Clifford alge-
bra CI(V, B) to be the quotient T'(V')/I(V, B) where T'(V) is the tensor algebra of V,
and I(V, B) is the ideal generated by {v ®@ v — B(v,v)-1 : v € V}.

Remark 10.1.1. If vq,... v, is an orthogonal basis for V| then CI(V, B) is the algebra
generated by vy, ..., v,, subject to the relations v} = B(v;,v;) - 1 and vv; = —vjv; for
i1 7.
Also note that V' is a vector subspace of CI(V, B).
Definition 10.1.2. If V = R* and B is minus the standard inner product on V, then
define the following objects:

1. C, =Cl(V,B), and Cf = Cl(V,B) ® C.

Those are finite dimensional algebras over R and C, respectively.

65
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2. The spin group
Spin(k) = {viva...v; : v; €RF ||| =1 and 0 < [ is even} C Gy
3. The spin® group
Spin®(k) = (Spin(k) x U(1)) /K
where U(1) C C is the unit circle, and K = {(1,1),(—1,—-1)}.
Remark 10.1.2.
1. Equivalently, one can define

Spin‘(k) =

={c-v-v vy €RY, |ju]] =1, 0<liseven, and c€ U(1)} C Cf

2. The group Spin(k) is connected for k > 2.

Proposition 10.1.1.

1. There is a linear map Cy — Cy, , x +— ' characterized by (vy...v)" = v,...v1 for

all vy, ..., v € R".
2. For each x € Spin(k) and y € R*, we have zyx! € R*.

3. For each x € Spin(k), the map \x) : R¥ — R* |y — aya! is in SO(k), and
A Spin(k) — SO(k) is a double covering for k > 1. It is a universal covering map

for k > 3.

For the proof, see page 16 in [1].

Definition 10.1.3. Let M be a manifold, and @ a principal SO(k)-bundle on M. A spin®
structure on @ is a principal Spin®(k)-bundle P — M, together with a map A : P — @

such that the following diagram commutes.
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P x Spin¢(k) —— P

[ |4

Here, the maps corresponding to the horizontal arrows are the principal actions, and
A Spinf(k) — SO(k) is given by [z, 2] — A(z), where X : Spin(k) — SO(k) is the

double covering.
Remark 10.1.3.

1. A spin‘structure on an oriented Riemannian vector bundle F is a spin®-structure

on the associated bundle of oriented orthonormal frames, SOF(E).

2. A spin®-structure on an oriented Riemannian manifold is a spin®-structure on its

tangent bundle.

10.2 Equivariant spin® structures

Definition 10.2.1. Let G, H be Lie groups. A G-equivariant principal H-bundle is a

principal H-bundle 7 : ) — M together with left G-actions on () and M, such that:

1. 7m(g-q)=g-7(q) forallge G, g€ Q
(i.e., G acts on the fiber bundle 7 : Q) — M).

2. (g-q)-h=g-(qg-h)forallge G, qe @, heH

(i.e., the actions of G and H commute).

Remark 10.2.1. It is convenient to think of a G-equivariant principal H-bundle in terms
of the following commuting diagram (the horizontal arrows correspond to the G and H

actions).
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G xQ

Q
Idxrl lﬂ'

GxM — M

Qx H

Definition 10.2.2. Let 7 : ' — M be a fiberwise oriented Riemannian vector bundle,
and let G be a Lie group. A G-equivariant structure on E is an action of GG on the vector
bundle, that preserves the orientations and the inner products of the fibers. We will say

that E is a G-equivariant oriented Riemannian vector bundle.
Remark 10.2.2.

1. A G-equivariant oriented Riemannian vector bundle E over a manifold M, naturally

turns SOF(FE) into a G-equivariant principal SO(k)-bundle, where k = rank(FE).

2. If a Lie group G acts on an oriented Riemannian manifold M, by orientation pre-
serving isometries, then the frame bundle SOF (M) becomes a G-equivariant prin-

cipal SO(m)-bundle, where m =dim(M).

Definition 10.2.3. Let 7 : ) — M be a G-equivariant principal SO(k)-bundle. A
G-equivariant spin-structure on @ is a spin® structure A : P — @ on @, together with

a a left action of G on P, such that

1. A(g-p)=g-A(p) forallp e P, g € G (i.e., G acts on the bundle P — Q).

2.g-(p-x)=(g9-p) -xforallge G, pe P, x € Spin°(k)

(i.e., the actions of G and Spin(k) on P commute).
Remark 10.2.3.

1. Tt is convenient to think of a G-equivariant spin® structure in terms of the following
commuting diagram (where the horizontal arrows correspond to the principal and

the G-actions).
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2. Note that in a G-equivariant spin® structure, the bundle P — M is a G-equivariant

principal Spin®(k)-bundle.

10.3 The definition of spin® prequantization

In this section we define the concept of a G-equivariant Spin® prequantization. This will
consist of a G-equivariant spin® structure and a connection on the corresponding U(1)-
bundle, which is compatible with a given two-form on our manifold. To motivate the

definition, we begin by proving the following claim.

Claim 10.3.1. Let M be a compact oriented Riemannian manifold of dimension 2m, on
which a Lie group G acts by orientation preserving isometries, and let P — SOF (M) —
M be a G-equivariant spin® structure on M.

Assume that 0: TP — u(1) = iR is a G-invariant and Spin®(m)-invariant connection

1-form on the principal S*-bundle 7: P — SOF (M), for which
0(Cp): P — u(l)

is a constant function for any ¢ € spin(m).

For each & € g = Lie(G) define a map
o P—R ¢t =i (1g0)

where Ep is the vector field on P generated by &.
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Then

1. For any & € g, the map ¢° is Spin¢(2m)-invariant, i.e., ¢¢ = 7 (P*) where

d¢: M — R is a smooth funtion.

2. For any & € g, we have d®* = 1¢,,w, where w is a (necessarily closed) real two-form

on M, determined by the equation df = 7*(—i - w).

3. The map

d: M —g° d(m)é = d*(m)
15 G-equivariant.
Proof.

1. This follows from the fact that 6 is Spin®(m)-invariant, and that the Spin®(m) and

G-actions on P commute.

2. For any n = ((,b) € spin®(m) = spin(n) @ u(1), we have

tnpl = 0(np) = 0(Cp) +0(bp) =0(Cp) +b .

Since 0((p) is constant by assumption, we get that

lypdl = Ly, 0 — du,,0 =0 .

This implies that df is horizontal, and hence w is well defined by the equation

df = *(—i - w). It is closed since 7* is injective.
Now, observe that
TPt = d (7" PY) = d¢* = —i dig,0 = —i [Le,0 — 1, db) =
= L§P<7T*w) = ﬂ-*(Lng)

and since 7* is injective, we get d®° = 1¢,,w as needed.
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3. IfgeG,me M, egandpen(m), then

(g -m) =69 p) = —i (1en0) (9 - 1) = —i (0y5(EPlgs)) =
=i (09 (Ady1)ply)) = =i (1(0,_,e) 0) ) =

_ ¢Ad971§(p) — @Adgfﬁ(m)
and we ended up with ®¢(g-m) = ®*%~%(m), which means that ® is G-equivariant.

]

The above claim suggests a compatibility condition between a given two-form and a
spin® structure on our manifold. We will work with two-forms that are closed, but not
necessarily nondegenerate. The compatibility condition is formulated in the following

definition.

Definition 10.3.1. Let a Lie group G act on a m-dimensional manifold M, and let w
be a G-invariant closed two-form (i.e., g*w = w for any g € G). A G-equivariant spin®
prequiantization for M is a G-equivariant spin®-structure 7: P — SOF (M) — M (with
respect to an invariant Riemannian metric and orientation), and a G and Spin®(m)-

invariant connection 6 € Q'(P;u(1)) on P — SOF (M), such that
0(Cp) =0 for any ¢ € spin(m)

and

df =" (—i-w) .
Remark 10.3.1. By the above claim, the action G O (M,w) is Hamiltonian, with a
moment map ®: M — g* satisfying

" ((I)f) =—i-1,(0) forany Eeg.

Remark 10.3.2. A G-invariant connection 1-form 6 on the G-equivariant principal
Spin®(m)-bundle P — M induces a connection 1-form 6 on the principal S'-bundle

P — SOF(M) as follows.
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Recall the determinant map
det: Spin®(n) — U(1) , [A, 2] — 22 .
This map induces a map on the Lie algebras
det, : spin‘(n) = spin(n) du(l) — u(l) ~ iR : (A, z) — 2z .

This means that the map 3det,: spin®(m) — u(1) is just the projection onto the u(1)
component.

The composition 3det, o will then be a connection 1-form on P — SOF (M), which
is G-invariant, and for which 6((p) = sdet.(¢) = 0 for any ¢ € spin(m).
Remark 10.3.3. The condition 0({p) = 0 could have been omitted, since our main theorem

can be proved without it. However, this condition is necessary to obtain a discrete

condition on the prequantizable closed two forms. See the example in Chapter 12.

In the following claim, M is an oriented Riemannian m-dimensional manifold on

which G acts by orientation preserving isometries.

Claim 10.3.2. Let P — SOF(M) — M be a G-equivariant spin®-structure on M. Let
Py = P/Spin(m) and q: P — Py the quotient map. Let 0: TP — u(1) be a connection
1-form on the G-equivariant principal U(1)-bundle P — SOF(M).

Then 6 = %q*(?) for some connection one form 6 on the G-equivariant principal
U(1) bundle Py — M if and only if 0 is Spin®(m)-invariant and 6(Cp) = 0 for all

¢ € spin(m).

Here is the relevant diagram.

P s Py

! |

SOF(M) —— M
Note that this is not a pullback diagram. The pullback of P, under the projection
SOF (M) — M is the square of the principal U(1) bundle P — SOF(M).
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Proof of Claim 10.3.2. Assume that 6 = %q*(@). Then for any g € Spin®(m): P — P,

write g = [A4, z] with A € Spin(m) and z € U(1). Since 6 is U(1)-invariant, we have

70 = [A1][1, 20 = [A,1]°0 = % A qT= g0,

N —

and so 0 is Spin®(m)-invariant. If ¢ € spin(m) then ¢.({p) = 0, which implies 6((p) = 0.
Conversely, assume that 0 is Spin®(m)-invariant with 6(¢p) = 0 for all { € spin(m).

Define a 1-form TPy — u(1) by

0(q.v) =26(v) for veTP.

This will be well defined, since if ¢,v = ¢’ for v € T, P and v' € T,,P;,; where g €
Spin(m), then ¢.(v—1v'g™!) = 0, which implies that v —v'g™! = (p for some ¢ € spin(m).
The fact that 0(Cp) = 0 will imply that #(v) = 0(v'). Smoothness and G-invariance of 6
are straight forward.

We also need to check that 6 is vertical (i.e., that 0(¢p,,,) = € for &€ € u(1)). Note
that Spin®(m)/Spin(m) is isomorphic to U(1) via the isomorphism taking the class of
[A, 2] € Spin®(m) to z? € U(1). This will imply that ¢.({p) = 2&p,,,, from which we can

conclude that 6 is vertical. O

10.4 Spin‘ prequantizations for C

For the purpose of cutting, we will need to choose an S'-equivariant spin®-prequantization

on the complex plane. The S*-action on C is given by

(a,2) —»a 'z , aesS zeC.

We take the standard orientation and Riemannian structure on C and choose our two-

form to be

we=2-dvNdy=—i-dzNdz .
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For each odd integer ¢ € Z we will define an S'-equivariant spin® prequantization for
St O (C,we). The prequantization will be denoted as (P, 9~<c), and defined as follows.
Let Pt = C x Spin(2) be the the trivial principal Spin¢(2)-principal bundle over C

with the non-trivial S*-action
S'x Pe— P (€ (z [a,w]) = (672 o a e )
where z, = cos¢ +singp - eje; € Spin(2). Note that since ¢ € Z is odd, this action is
well defined. Next we define a connection
Oc: TPL — spin(2) = spin(2) @ u(1) .
Denote by m: P& — C and my: PE — Spin©(2) the projections, and by 0% the right-
invariant Maurer-Cartan form on Spin®(2). Then set
1
Oc: TP: — Spin‘(2) : Oc = m3(67) + 3 m(zZdz — zdz) .

Note that 77 (zdz — z dz) takes values in iR = u(1) C spin®(2), and that the connection
Oc does not depend on /.
Finally, let

~ 1
9@2561675*00@.

Claim 10.4.1. For any odd { € Z, the pair (P, éc) is an S'-equivariant spin®-prequantization

for (C,wc).

Proof. The 1-form f¢ (and hence f¢) is S'-invariant, since Zdz — z dZ is an S'-invariant

1-form on C, and since the group Spin©(2) is abelian. The 1-form Oc is given by
- 1 1 « /R 1, _
Oc = Qdet* ofc = idet* omy(6%) + 5 T (Zdz — zdz)
and therefore
~ 1
d (96) =0+ S mi(ds Adz — dz A d2) = i (=dz A d3) = (=i - we)

as needed. Finally, by Remark 10.3.2, we have éC(CPé) = 0 for all ¢ € spin(2).



Chapter 11

Cutting of a Spin® Prequantization

The process of cutting consists of several steps: Taking the product, restricting and
taking the quotient of spin® structures. We start by discussing those constructions inde-

pendently.

11.1 The product of two spin‘ prequantizations

Let a Lie group G act by orientation preserving isometries on two oriented Riemannian
manifolds M and N, of dimensions m and n, respectively. Given two equivariant spin®
structures Py, Py on M, N, we can take their ‘product’ as follows. First, note that
Py x Py is a G-equivariant principal Spin®(m) x Spin®(n)-bundle on M x N. Second,
observe that Spin®(m) and Spin®(n) embed naturally as subgroups of Spin®(m+n), and

thus give rise to a homomorphism
Spin(m) x Spin®(n) — Spin‘(m + n) : (r,y) —x-y.

This homomorphism is used to define a principal Spin®(m+mn)-bundle on M x N, denoted
Py« v, as a fiber bundle associated to Py, X Py.
In the following claim, 6% is the left invariant Maurer-Cartan 1-form on the group

Spin(m + n), and wys, wy are closed G-invariant two forms on M, N.

)
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Claim 11.1.1. Let (Py,0p) and (Py,0y) be two G-equivariant spin® prequantizations
for (M,wy) and (N,wy), respectively.
Let
Prixn = (Pu X Px) X gpine(m) xSpine(n) SPIn(m + n)

and

1
0M><N = QM + QN + Edet* O(9L € Ql(PMxN;u(l)) .

Then (Pyrxn, Onxn) is a G-equivariant spin®-prequantization for (M x N wy @& wy),

called the product of (Py,0y) and (Py, 0n).
Remark 11.1.1.
1. More specifically, the connection @, is given by
Onrsn (e (u, v, E5)) = Opr(u) + On(v) + %det*(f)
where u € TPy, v € TPy, £ € spin®(m + n) and
q: Py x Py x Spin®(m 4+ n) — Pyxn
is the quotient map. This is well defined since 6, and 6y are spin‘-invariant.
2. The G-action on M x N can be taken to be either the diagonal action
g-(x,y)=(9-2,9-y)
or the ‘action on M’
g9-(z,y)=(9-2,9)

and (Pyrxn, Oyxn) will be a G-equivariant prequantization with respect to any of

those actions.

3. The map Pyxny — SOF (M x N) is the natural one induced from Py, — SOF (M)
and Py — SOF(N), using the fact that

SOF(M X N) = (SOF(M) X SOF(N)) XSO (m)xSO(n) SO(m+n) .
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Proof. The connection 0,y is G and Spin®(m + n)-invariant, since 6y, and 6y have the

same invariance properties. Moreover, since df* = 0, we get that
d(QMxN) = d(QM) + d(@N) == W*(—i Wy D wN)

as needed, where 7: Py «n — M x N is the projection.

Finally, 6yxn (Cp,y,.y) = 0 for all ¢ € spin(m + n) since 3det.(¢) = 0. O

11.2 Restricting a spin® prequantization

Assume that a Lie group G acts on an m dimensional oriented Riemannian manifold M by
orientation preserving isometries. Let Z C M be a G-invariant co-oriented submanifold

of co-dimension 1. Then there is a natural map
i: SOF(Z) — SOF(M) : i(f)(ay,...;am) = fla1, ..., am1) + G - Uy

where f: R™™!' 5 7,7 is a frame in SOF(Z), and v € I'(T'M) is the vector field on Z
of positive unit vectors orthogonal to T'Z.

A G-equivariant spin®structure P on M can be restricted to Z, by setting
Py, =i"(P),

i.e., Pz is the pullback under i of the circle bundle P — SOF(M). The relevant diagram

18

A —_— M

The principal action on P; — Z comes from the natural inclusion Spin(m — 1) —

Spin®(m), and the G-action on Py is induced from the one on P.



CHAPTER 11. CUTTING OF A SPIN® PREQUANTIZATION 78

Furthermore, if a connection 1-form 6 is given on the circle bundle P — SOF (M),

we can restrict it to a connection 1-form 6z on P; — SOF(Z) by letting

Claim 11.2.1. Let (P,0) be a G-equivariant spin® prequantization for (M,w) (for a
closed G-invariant two form w), and Z C M a co-oriented G-invariant submanifold
of co-dimension 1. Then the pair (Pz,0z) is a G-equivariant spin®-prequantization for

(Z,wl|z).

Proof.
d(0z) = (i')"(df) = (i) 7" (i w) = 7" (—i - wlz)
as needed, and

0z(Cp,) = 0(Cp) =0

for all ¢ € spin(m — 1). O

11.3 Quotients of spin‘ prequantization

Here is a general fact about connections on principal bundles and their quotients.

Claim 11.3.1. Let H, K, G be three Lie groups, and P — X an H-equivariant and K -
equivariant principal G-bundle. Assume that H acts freely on X, and that the H and
K-actions on P commute (i.e., h-(k-y) =k-(h-y) forallh € H, k € K, y € P), then:

1. m: P/H — X/H is a K-equivariant principal G-bundle.

2. If0: TP — g is a connection 1-form, and q: P — P/H s the quotient map,
then 8 = q*(0) for some connection 1-form 0: T(P/H) — g if and only if 0 is
H-invariant, and 0(§p) = 0 for all € € b.

Proof.
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1. The surjection P/H — M/H, induced from 7: P — M, and the right G-action on
those quotient spaces are well defined since the left H-action commutes with the

right G-action on P, and with the projection 7.

To show that P/H — X/H is a principal G-bundle, it suffices to check that G acts
freely on P/H. Indeed, if [p] € P/H, g € G and [p| - g = [p], then this implies

p-gl=1Il = pg=h-p
for some h € H, which implies

m(p-g) =n(h-p) = m(p) =h-7(p) .

But H © X freely, and so h = id. Then p-g = p, and since P O G freely, we

conclude that g = id, as needed.

It is easy to check that the K-action descends to P/H — X/H, since it commutes

with the H and the G-actions.

2. First assume that § = ¢*(6). If h € H acts on P, then

h*0 = h*(¢*0) = (qo h)*0 = ¢*0 =0

and so 0 is H-invariant. Also, if £ € b, then clearly ¢.({p) = 0, and hence 0({p) =
(¢*0)(&p) = 0, as needed.

Conversely, assume that 6 is H-invariant and that 6({p) = 0 for all £ € . For any
v € TP define

0(q.v) = 0(v) .

This is well defined: If v € T, P and v € T,y P such that ¢.(v) = ¢.(v), then

y' = h -y for some h € H, and we get that

Oy (V) = Ony (V') = B (0, ((h™1).0")) = B, ((h 1)) .
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Now observe that
Q*(U - (hil)*vl) = Q*(U> - Q*(U,) =0,

and so v — (h™!),0' = &p|, (for some € € ) is in the vertical bundle of P — P/H.

By assumption, 6(£p) = 0 and therefore 6, (v) = 6,,(v'), and  is well defined.

The map 0: T(P/H) — g is a 1-form. Smoothness is implied from the definition

of the smooth structure on P/H. Also @ is vertical and G-equivariant because @ is.

]

Now assume that Z is an n-dimensional oriented Riemannian manifold, and S* acts
freely on Z by isometries. Let P — SOF(Z) — Z be a G and S'-equivariant spin®
structure on Z. We would like to explain how one can get a G-equivariant spin®-structure
on Z/S', induced from the given one on Z.

Denote by % € Lie(S') ~ iR the generator, and by (%)Z the corresponding vector
field on Z. Define the normal bundle

~[(8)) e

and an embedding n: SOF(V) — SOF(Z) as follows. If f: R"™! = V, is a frame in
SOF(V), then n(f): R* = T,Z will be given by n(f)e; = f(e;) fori =1,...,n—1, and

n(f)ey is the unit vector in the direction of (%) :
Z,x

n(P) —— P

| l

SOF (V) —— SOF(Z)

| J

Z _ —— Z
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To get a spin®-structure on Z/S', first consider the equivariant spin‘-structure on the
vector bundle V'

n*"(P) — SOF(V)— Z .
Once we take the quotient by the circle action, we get the quotient spin®-structure on
7|8, denoted by P:

P=n*(P)/S" — SOF(V)/S'=SOF(Z/S") — Z/S*

If an S' and Spin®(m)-invariant connection 1-form 6 is given on the principal circle
bundle P — SOF(Z), then (1/)*0 is a connection 1-form on the principal circle bundle
n*(P) — SOF(V).

The previous claim tells us exactly when the above connection 1-form will descend to
a connection 1-form on the quotient bundle P — SOF(Z/S"). The following proposition

summarizes the above construction and relates it to spin®-prequantization.
Proposition 11.3.1. Assume that the following data are given:

1. An n-dimensional Riemannian oriented manifold Z .
2. A real closed 2-form w on Z.

3. Actions of a Lie group G and S' on Z, by orientation preserving and w-invariant

1sometries.

4. A G and S'-equivariant spin® prequantization (P,0) on Z. Assume that the actions
of G and S* on P and Z commute with each other.

Also assume that the action S* O Z is free.

Then, using the above notation, we have that:

1. 0" = ()"0 is a connection 1-form on the principal circle bundle 7: n*(P) —
SOF(V), satisfying
b =7 (—i-w)
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and
0'(Cppy) =0 forall ¢ €spin(m—1) .

2. If <%>n* is the vector field generated by the action S* © n*(P), and q: n*(P) —

(P
P = n*(P)/S" is the quotient map, then §' = ¢*(0) for some connection 1-form 6

on P — SOF(Z/SY) if and only if

2).,]-

Moreover, in this case, (P,0) is a G-equivariant spin°-prequantization for G O

(Z/S", @) (where w = q*(©)).

Proof.
1. We have
48’ = (o d0 = ()" o 7" (—i - w) = 7" (—i - )
and
0'(Gr(py) = 0(Cp) =0
as needed.

2. The fact that 6 = ¢*(0) if and only if

2.

follows directly from Claim 11.3.1, since ¢’ is S'-invariant, and % is a generator.

Finally, (P, ) is a prequantization, since

¢ (df) = db = 7*(—i-w) =7 (—i-w) = di=7"(-i )
where 7: n*(P)/S' — Z/S' is the projection. Clearly, since all our objects are G-

invariant, and all the actions commute, (P, ) is a G-equivariant prequantization.
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]

Remark 11.3.1. When the condition in part (2) of the above proposition holds, we will
say that the prequantization (P,0) for G O (Z,w) descends to the prequantization (P, 0)
for GO (Z/S,0).

11.4 The cutting of a prequantization

In [4], Lerman describes a cutting construction for symplectic manifolds (M, w), endowed
with a Hamiltonian circle action and a moment map ®: M — u(1)*, which goes as follows.

If we = —i-dzANdz, then (M x C,w @ wc) is a symplectic manifold. The action
S'x (M xC)— MxC : (a,(m,2)) — (a-m,a" ' 2)

is Hamiltonian with moment map ®(m, z) = ®(m) — |z|%.
If o« € u(1)* and S* acts freely on Z = ®'(a), then « is a regular value of ®, and

the (positive) cut space is defined by

M, =& (a)/S" = {(m,z) e M xC:®(m)— 2] =a} .

cut

This is a symplectic manifold, with the symplectic form w}, obtained by reduction, and

St acts on M*

o by @ - [m,z] = [a-m,z]. If M is also Riemannian oriented manifold, so

is the cut space (but the natural inclusion M7, < M is not an isometry).
Assume that the following is given:

1. An m dimensional oriented Riemannian manifold.

2. A closed real two-form w on M.

3. An action of S! on M by w-invariant isometries.
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4. An S'-equivariant spin® prequantization (P,6) = (Py, 0y) for (M, w).

Recall that the action S* O (M, w) is Hamiltonian, with moment map ®: M — u(1)*

determined by the equation
W*(CI)E) = —l-lgp (0) ) §eu(l)

where m: P — M is the projection, and &p is the vector field on P generated by the
S'-action (see Remark 10.3.1).

We want to cut the given spin® prequantization. For that we choose a € u(1)* and
set Z = ®1(a). We assume that S acts on Z freely, and that « is a regular value of ®
(however, we do not assume that w is nondegenerate). Our goal is to get a condition on
a such that cutting along Z = ®~1(«) is possible (i.e., such that a spin®-prequantization

on the cut space is obtained).

We proceed according to the following steps.

Step 1 Let S! act on the complex plane via

(a,2) —a 'z , acSt zeC.

This action preserves the standard Riemannian structure and orientation, and the
two form we = —i-dz ANdZ .

Fix an odd integer ¢, and consider the S'-equivariant spin®-prequantization (Pg, éc)

for S* O (C,we) defined in §10.4.

Step 2 Using Claim 11.1.1 we obtain an S'-equivariant spin® prequantization

(Pch,ech) for Sl O (M X (C,w @W(c).
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Step 3 Denote

Z={(m,z):®(m)—[zP=a} CcMxC.

This is an S*-invariant submanifold of codimension 1. By Claim 11.2.1, we get an
S'-equivariant spin®~prequantization (Py,8;) for (Z,w;), where w is the restric-

tion of w ® wc to Z.

Step 4 By Remark 11.1.1, the pair (P, 05) is an S'-equivariant prequantization with
respect to both the anti-diagonal and the action on M (in which S! acts on the M

component via the given action, and on the C component trivially).

Using the terminology introduced in Remark 11.3.1, we state our main theorem,
which enable us to complete the process and get an equivariant prequantization on

the (positive) cut space.

Theorem 11.4.1. The S*-equivariant spin®-prequantization (Pz,0;) descends to an S*-

equivatiant spin®-prequantization on (Z/S* = M}, wk,) if and only if

Proof. By Proposition 11.3.1, (Pj,05) will descend to a prequantization on the cut space,

0
7. <_> ]:0.
Z[ 9% ) yepy)

This is the same as requiring that 6, when restricted to n*(P;), vanishes:

0 [(2),]

9 )
Onixc [<%>PMXJ =0 on n*(Py) .

if and only if

=0 ,
n*(P)

which is equivalent to



CHAPTER 11. CUTTING OF A SPIN® PREQUANTIZATION 86

Now using the formula for 6,;.c, we get that

((32),,) e (G2), ) -

It is not hard to show that at a point (z, [A, w]) € Pt = C x Spin®(2), we have

9 =1q- Eﬁ—zﬁ + v
0p)p L0z "o vl

where ][4, is the vector field on Spin®(2) generated by the element

1 ¥4
V= —5 €16y — ZT € 5pinc(2) .

Therefore one computes that

((8),)- (3

On the other hand, by the condition defining our moment map, we have that

o((8), )

where m: P — M is the projection.
Combining the above we see that (Pz,6;) descends to an S'-equivatiant spin®- pre-

quantization on (Z/S' = M2, w},

) if and only if (on n*(Pj)):

T (99/99) — |2 — g =0.

But on the manifold Z we have ®(m) —|z|? = a. and hence the last equality is equivalent
to

— =0
a— g ;

as needed. O

Remark 11.4.1. We can also construct a spin®-prequantization for the negative cut space

(M wWeye) as follows. Recall that M,

cut

is defined as the quotient

{(m,z) € M x C:®(m)+|z|* =a} /S",
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where the S'-action on M x C is taken to be the diagonal action, and w_,, is defined
as before by reduction. The two form on C is taken to be idz A dz, and the spin®-

prequantization for C is defined using the connection
*(nNR 1 — —
Oc = 7" (07) — §(zdz—zdz) :
The S'-action on P£ will be given by
S x Pt — Pt , (€, (2, [a,w)])) — ("2, (T2 - a, e~ I2 L))

(see §10.4).
Other than that, the construction is carried out as for the positive cut space, and we
can prove a theorem that will assert that o = ¢/2, if the cutting is to be done along the

level set ®~!(a) of the moment map.



Chapter 12

An Example - The Two Sphere

In this chapter we discuss in detail spin® prequantizations and cutting for the two-sphere.

12.1 Prequantizations for the two-sphere
The two-sphere will be thought of as a submanifold of R3:
S?={(z,y,2) eER*: 2 +y* + 22 =1}

with the outward orientation and natural Riemannian structure induced from the inner
product in R?. Fix a real number ¢, and let w = ¢ - A, where A is the area form on the
two-sphere

A=j(xdy Ndz+ydz Ndx + zdx N\ dy) ,

and where j: S — R3 is the inclusion. Note that w is a symplectic form if and only if

c#0.

For any real ¢ define

cosp —sing 0
Co=1] sing cosp 0 5
0 0 1

88
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and let S* act on S? via rotations around the z-axis, i.e.,
(e, v) = C,-v , veS?.

In Chapter 8, we constructed all S'-equivariant spin®-structures over the S*-manifold
S? (up to equivalence). Let us review the main ingredients here.

First, the trivial spin®-structure P, is given by the following diagram.

St x Spin®(3) —— Py = Spin®(3) «—— Spin‘(3) x Spin‘(2)
l ‘| l
Stx S0O(3) —— SO(3) ——  SO(3) x SO(2)
St x §2 — S?
In this diagram we use the fact that the frame bundle of S? is isomorphic to SO(3). The
projection 7 is given by

A— A x

where = = (0,0, 1) is the north pole, and the map A is the obvious one.

The horizontal maps describe the S' and the principal actions: S' and SO(2) act
on SO(3) by left and right multiplication by C,,, respectively. The principal action of
Spin®(2) on Spin¢(3) is just right multiplication, and the S* action on Spin®(3) is given
by

(e%,[A,2]) = [xppn- A, €% 2]

where x5 = cosp +sing - ejey € Spin(3) . We can turn this spin® structure into a
spin‘-prequantization as follows. Let wy = 0 the zero two form on S?, and consider the
1-form

0o = % det, 0 0%: TSpin®(3) — u(l1) = iR
where 67 is the right-invariant Maurer-Cartan form on Spin¢(3) and the map det was
defined in §10.3. Clearly, (P, 6) is an S'-equivariant spin“-prequantization for (52, wy).

Next, we construct all S'-equivariant line bundles over S2.
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Claim 12.1.1. Given a pair of integers (k,n), define an S*-equivariant complex Hermi-

tian line bundle Ly, as follows:

1. As a complex line bundle,

Lk,n:SS ><31C,

where St acts on C with weight n and on S* C C? by

Stx 8% — 53 : (a, (z,w)) — (az,aw) .

2. The circle group S* acts on Ly, by

St x Lin — Lin , (ew, [(z,w),u]) — [(ei“”ﬂz, e_i‘P/Qw), el t2k)e/2 | ul .

Then every equivariant line bundle over S? is equivariantly isomorphic to Ly, for some

integers k,n.

For the proof, see Claim 8.2.1 (where slightly different notation is used).
To get all spin® structures on S?, we need to twist Py with the U(1)-bundle U(Lg.,)

associated to Ly, for some k,n € Z. Thus define
Pk,n =Py Xy@) U(Lk,n) .

The principal Spin¢(2)-action is given coming from the action on P, and the left S'-
action in induced from the diagonal action.

We now define a connection

0n: TPy, — iR

on the U(1) bundle Py, — SO(3) = SOF(S?), which will not depend on k, as follows:
Hn:00+g(—2dz+zd2—wdw+wdw)+u_1du

where (z,w) € S% C C? are coordinates on S and u~'du is the Maurer-Cartan form on

the S' component of U(Ly,) = S® xg S*.
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One can compute

db, = n(dz ANdz + dw A dw) = 7*(—in/2 - A)

and hence if we define w,, = § - A then (P, , 0,) is a spin® prequantization for (S 2

,Wn).

Let Py be the U(1)-bundle associated to the determinant line bundle of a spin€ struc-
ture. We proved in Chapter 8, that the determinant line bundle of any spin® structure
on the two-sphere is isomorphic to Loji1.9, (see Remark 8.2.2), and hence has a square

root (as a non-equivariant line bundle). Using this fact and the construction of (P, , 6,)

above, we prove:

Claim 12.1.2. The S*-manifold (S?,w = c- A) is spin°-prequantizable (i.e., admits an

St-equivariant spin®-prequantization) if and only if 2¢ € 7.

Proof. Assume that (P, #) is a spin®- prequantization for (S%,w). Then, by Claim 10.3.2,
0= %q*(@) for some connection 1-form # on the principal U(1)-bundle p: Py, — S?, where
q: P — P/Spin(2) = Py is the quotient map. Since (P,#) is a spin® prequantization,

we have

1 - 1 -
df =7 (—i-w) = q <§d9) =q¢"p(—i-w) = —df = p*(—i-w)

which implies

df = p*(—2i-w) .

This means that [—2i - w] is the curvature class of the determinant line bundle of P.

According to the above remark, P, is a square, and hence the class

[—2i - w] =[—i-w]

N —

is a curvature class of a line bundle over S?. This forces [w] to be integral (Weyl’s theorem
- page 172 in [1]), i.e.,

/w€27rZ = 2ce Z
S2
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and the conclusion follows.
Conversely, assume that 2c € Z. Then, as mentioned above, (Pja., 02.) (for any

k € Z) is a spin® prequantization for (52, c- A) as needed. O
Let us now compute the moment map
d: S - u(1)*=R
for (S?,n/2- A) (for n € Z) determined by the prequantization (Py ., 6,). Recall that
Hn:00+g(—2dz+zd2—wdw+wdw)+u_1du.
It is straightforward to show that the vector field, generated by the left S'-action on Py,
is

9 _i0 i —ZQ—FZQ—F@Q—U)Q —|—z(n+2k)£
90) p, S 20v 2 0z 0z ow ow
0

5. 1s the vector field on Py generated by the Sl-action.

where

Now compute

0 T in o, B - i
" ((%)) Tp g T gl

[n(|2? = |w]?) + n + 2k + 1]

N | .

and thus @ is given by

O([z, w]) = —i - bn ((%)P ) :g(\2|2— lw|? + 1) +k+%

Remark 12.1.1. Observe that for [z, w] € S* = CP', the quantity |z|?—|w|? represents the
third coordinate x5 (i.e., the height) on the unit sphere (this is part of the Hopf-fibration).

Since —1 < z3 < 1, we have (for n > 0):

1 1
E+-<&< k+ -
+2_ <n-+ —1—2
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and hence the image of the moment map is the closed interval

1 1
k+ = k+ -
_+2,n+ +2_
ifn>0or
_ . 1
k+—-,k+ -
_n+ +2, +2_
if n <O0.

12.2 Cutting a prequantization on the two-sphere

Fix an S'-equivariant spin®-prequantization (Py,0,) for (5% ,w,), where w, = % - A (A
is the area form on the two-sphere) and n # 0.

The corresponding moment map, as computed above, is

1
o 2R, Bz uw) =%(|Z|2— w]? +1) + k4 3

We would like to cut this prequantization along a level set ®~'(a) of the moment
map. By Theorem 11.4.1 we must have

¢

o =

for some odd integer ¢, and the cutting has to be done using the spin®-structure (P£, 0c)
on (C,we) (see §10.4).

In Chapter 8 we performed the cutting construction for the two-sphere in the case
where ¢ = 1. In this case we showed that the spin® structures obtained for the cut spaces
are

(Pk,n>at = Fb jitn ) (Prn) et = Pr—k -

These computations can be modified for an arbitrary ¢ to get

(Pen)dt = Pu—1y2ptn—-1)2 (Prn)ewt = Pr—kte-1)/2 -

Recall that the cut spaces obtained in this case are symplectomorphic to two-spheres

(if £/2 is strictly between k + 1 and n + k + 3). Using this identification we have:
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Claim 12.2.1. If the symplectic manifold (S?,w,), endowed with the Hamiltonian S*-
action

(6i<p7 U) = " v
and the above moment map ® is being cut along the level set ®~1(¢/2), then the reduced

two-forms on the cut spaces are

Whe = Whint-gz  ond  Woy =W k(e -
Here we assume that (/2 is strictly between k + 5 and n+k + 1.

Proof. Let us concentrate on the positive cut space. We will use cylindrical coordinates

(¢, h) to describe the point
(%yaz) = (Vl — h?2cos ¢, V1 — h?sin ¢, h)

on the unit sphere S%2. The positive cut space is obtained by reduction. The relevant

diagram is
Z — = $?xC

d
Z/S' = 52
Recall that

Z ={((¢,h),u) € S* x C: ®(¢,h) — Ju]* = £/2}

and that the two-form on S? x C is
n .
wn+w(c:§-A—zdu/\dﬂ.

The map p is given by

, 2n
h),u=re " h—1)+1) .
(6mu=re ) (o4 a, o 1) 41)
The pullback of the area form on S? via p is
2n 2n

A" = (d¢ + da) A

2i
dh = do N dh — —du N du
2n+2k+1—4 2n+2k+1—€(¢/\ n uAdi),
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and thus the pullback of wiyny(1-¢/2 via pis

E4+n+(1-10)/2
2

-A’:gA—idu/\da:wner@

as needed.

A similar proof is obtained for the negative cut space. n

To complete the cutting, we need to find out what are the corresponding connections

0F = (0,)%, on (Pyn)%,. Instead of going through the cutting process of a connection,

we proceed as follows (for the positive cut space).

We know that ((Ppn)ly, 07) must be a spin®-prequantization for

cut»

((52)%7@&) = (527wk+n+(1—€)/2) .

This means that

d0 = dOysni-0)2

which implies that
0" — Opint—pye =0

for some closed one-form 3 € Q'(S?%u(1)). But then 8 = df is also exact since S? is

simply connected. We conclude that

o = Okrnr-02 +d(T(f))

thus, the bundle ((Py,)% 01) is gauge equivalent to ((Pyp)dus Oktrnt(1-0)/2)-
A similar argument can be carried out for the negative cut space. We summarize:

The cutting of (S?,w,) along the level set ®~1(0/2) yields two spin® prequantizations:
(Po—kt—1)/2> O-rre-1yj2)  for  ((5%) o = 5% wkie-1)2)
and

(P—vyjakint-n/2: Ocinra-np)  for  ((S1)h: = 5% wrinra-0/2) -



Chapter 13

Prequantizing CP"

In this chapter we construct a spin®-prequantization for the complex projective space
CP™ (with the standard Riemannian structure coming from the Kahler structure). For

2

n = 1 we have shown that a two form w on CP! = S? is spin® prequantizable if and

only if ;-w is integral (i.e., [p 5=w € Z - see Claim 12.1.2). This is not true in general.
We will prove that for an even n, if (CP",w) is spin® prequantizable then %w will
not be integral. This is an important difference between spin‘-prequantization and the
geometric prequantization scheme of Kostant and Souriau (an excellent reference for
geometric quantization is [13]).

From now on, fix a positive integer n. Points in CP™ will be written as [v], where
v € §?"1 ¢ C"*1. The Fubini-Study form wpg on CP" will be normalized (as in [14, page
261]) so that [.,, wps = 1 (where CP' is naturally embedded into CP"). We describe
our construction in steps. For simpliciy, we discuss the non-equivariant case (where the

acting group G is the trivial group), but our results will apply to the equivariant case as

well. Also, | - | will denote the determinant of a matrix.
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Step 1 - Constructing a Spin® structure.

The group SU(n + 1) acts transitively on CP" via
SU(n+1) xCP" —CP" : (A, [v]) — [A-v].

Let p = e,1; € C*™! denote the unit vector (0,...,0,1). The stabilizer of p under the

SU(n + 1)-action is

H=SU(n)xU())= boo :BeU(n)p Cc SUMn+1)
0 |B|™!
and so CP" = SU(n+ 1)/H via
(A —[A-p].

The tangent space T}, CP" can be identified with C" and then the isotropy representation

is given by
B 0
o: H—U(n) : o =|B|-B.
0[B!
The frame bundle of CP™ can then be described as an associated bundle (using U(n) C
SO(2n)):

SOF(CP") = SU(n + 1) x, SO(2n) .

The map
f:U(n) — SO(2n) x S* : A (A ]A])

has a lift F': U(n) — Spin®(2n) (see [1, page 27] for an explicit formula for F'). Using
that, we define
P =5SU(n+1) x5 Spin®(2n)
where 6 = F oo: H — Spin®(2n).
Thus we get a spin®-structure P — SOF(CP™) — CP™ on the n-dimensional complex

projective space.
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Step 2 - Constructing a connection on P — SOF(CP") .

Let 0%: TSU(n+ 1) — su(n + 1) be the right-invariant Maurer-Cartan form, and define

A * A 0
x:su(n+1) — bh = Lie(H) : —
x  —tr(A) 0 —tr(A4)

Since y is an equivariant map under the adjoint action of H, we conclude that
xo 0 TSU(n +1) — b
is a connection 1-form on the (right-) principal H-bundle
SUn+1) - CP"=SU(n+1)/H .

This induces a connection 1-form on the principal Spin®(2n)-bundle P — CP™:

~

0: TP — spin®(2n) .
After composing 6 with the projection
1 . . .
Edet*: spin®(2n) = spin(2n) ® u(l) — u(l) =R

We get a connection 1-form 6 = $det, o6 on the principal U(1)-bundle P — SOF(CP™).

In fact, here is an explicit formula for the connection 6:

A *
If £ = € su(n + 1), ¢ € spin®(2n), €F and ¢F are the corresponding
x  —tr(A)

vector fields on SU(n + 1) and Spin®(2n), and
q: SU(n+ 1) x Spin®(2n) — P
is the quotient map, then a direct computation gives

an("+ C1) = "ot 1r(A) + 5t (Q)

Note that if ¢ € spin(2n), then 6(g.(¢*)) = 0.
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Step 3 - Computing the curvature of 6.
Using the formula

dO(V,W) =V eW)—weW)—o(Vv,W])

for any two vector fields V, W on P, we can compute the curvature df of the connection
6. We obtain the following:

If &, & € su(n +1), (1, G2 € spin®(2n), and

X
[61, 6] = € su(n +1)

then we have

n+1
AB(au 6]+ P, a6+ 6)) = " (X)
Let w be the real two form on CP" for which
df =7 (—i-w) .
In fact
n+1
w=- - 2T Wrg

where wgg is the Fubini-Study form. To see this, it is enough, by SU(n + 1)-invariance
of w and wrg, to show the above equality at one point (for instance, at [p] € CP").

Recall that the cohomology class of wrg generates the integral cohomology of CP",
ie., fc p1wrs = 1. This immediately implies that our two form w is integral if and only
if n is odd, and we have:

(P,0) is a spin“-prequantization for (CP", w).

Remark 13.0.1. It is not hard to conclude, that a spin® prequantizable two form w on
CP" is integral if and only if n is odd. In fact, Proposition D.43 in [2], together with
Claim 10.3.2 imply the following:

For an odd n, a two-form w on CP™ is spin® prequantizable if and only if %w 15 integral,

i.e., [3w| € Zwrs].
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For an even n, a two-form w on CP"™ s spin® prequantizable if and only if [%w] €

(Z + %) [wFs].



Part 111

A Universal Property of the Groups

Spin“ and Mp©
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Chapter 14

Introduction to Part 111

Around 1928, while studying the motion of a free particle in special relativity, P.A.M
Dirac raised the problem of finding a square root to the three dimensional Laplacian,
acting on smooth functions on R3. Finding a square root was necessary in order to study
such a system in the quantum mechanics setting. His assumptions were that such a

square root ought to be a first order differential operator with constant coefficients.

It is well known that in the Euclidean space R", the problem of finding such a square
root involves Clifford algebras and their representations. This square root is often called
a Dirac operator, and it acts on the representation space for the Clifford algebra (also

called the space of spinors).

The transition from the flat Euclidean space to a general Riemannian manifold is not
obvious. There is no representation of the group SO(n) on the space of spinors which
is compatible with the Clifford algebra action. This means that in order to generalize
the construction of the Dirac operator to Riemannian manifolds, we must introduce
additional structure. More precisely, we need to lift the Riemannian structure (where

the group involved is SO(n)) to a ‘better’ group G.

It is known that the construction of the Dirac operator can be carried out if our

manifold has a spin, a spin®, or an almost complex structure.
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In this part we answer the question: what is the best (or universal) structure that
enables the above process? We show that the group Spin‘(n) (or a non-compact variant
of it) is a universal solution to our problem, in the sense that any other solution will factor
uniquely through the spin® one. This suggests that spin® structures are the natural ones
to consider while quantizing the classical energy observable.

It is important to note that spin® structures are equivalent to having an irreducible
Clifford module on the manifold. This fact appears as Theorem 2.11 in [17]. This is
another hint for the universality of the group spin®.

Interestingly, a similar problem can be stated in the symplectic case, and the universal
solution involves Mp® structures, discussed in [16]. The universality statement and the
proof are almost identical to those in the Riemannian case.

This part is organized as follows. First we introduce the problem of finding a square
root for the n-dimensional Laplacian acting on smooth (complex-valued) functions on
R™. This will motivate the definition of Clifford algebras and the study of their represen-
tations. Then we generalize the problem to an arbitrary oriented Riemannian manifold,
and explain why more structure is needed in order to define the Dirac operator. Next,
we state our main theorem about the universality of the (non-compact variant of the)
spin® group, and deduce a few corollaries. In the last section, we prove a similar result
in the symplectic setting. Namely, the universality of the metaplectic® group.

This work was motivated by the introduction of [1], where the problem of defining a
Dirac operator for an arbitrary oriented Riemannian manifold is discussed, and the ne-
cessity of additional structure is mentioned. For the study of symplectic Dirac operators,
we refer to [15], which is the ‘symplectic analogue’ of [1]. Both [1] and [15] are excellent

resources.



Chapter 15

The Euclidean Case and Clifford

Algebras

Consider the negative Laplacian acting on smooth complex valued functions on the n-

dimensional Euclidean space

_ —
=1 axj

A: C*°(R"C) — C*(R™;C) : A=
and suppose we are interested in finding a square root for A, i.e., we seek an operator
P: C*(R";C) — C>*(R"™C)

with P2 = A. Motivated by physics, we assume that P is a first order differential operator

with constant coefficients, i.e., that

= 0
P = Z Y5 a— , Y€ C.
— Z;
7=1
A simple computation shows that such a P cannot exists unless n = 1, and then P =

j:i%. Indeed, the condition P? = A implies that

P2 B Xn: | 62 B n 32
AR Or;0x; 4~ Ox?
Jl=1 j=1 J

and hence

Y+ =0 %2:—1 for all j #1
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which is impossible, unless n = 1 and v, = =+:.

One way to modify this problem is to observe that the commutativity of complex
numbers (v, = vy;) is the property that made this construction impossible. Therefore,
we hope to be able to find such a P if the 7;’s are taken to be matrices, instead of complex
numbers.

Thus, fix an integer k > 1, define the vector valued Laplacian as
A: CX(RYCP) = C*(R:CY) A(f fo) = (Afs - Af)
and look for a square root
P: C*(R";CF) — C=(R",C") .
If we assume, as before, that

_ 0 .
=1 !

then P? = A if and only if
Y+ =0 Vf:—l for j7#1.

Those relations are precisely the ones used to define the Clifford algebra associated

to the vector space R™. Here is a more common and general definition of this concept.

Definition 15.0.1. For a finite dimensional vector space V over K = R or C , and a

symmetric bilinear map B: V x V — K | define the Clifford algebra
Cl(V,B)=T(V)/I1(V,B)
where T'(V') is the tensor algebra of V', and I(V, B) is the ideal generated by
{v@v—B(v,v)-1: veV}.

Remark 15.0.2.
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1. If ey,..., e, is an orthogonal basis for V', then CI(V, B) is the algebra generated by

{e;} with relations

ejei+ee; =0 , e =DBle,e;) for jAIL.

2. If <, > is the standard inner product on R", then denote

C,=ClR",—<,>) and Ci=C,xC.
Example 15.0.1. For n = 3, let

M= Y2 = V3 =

9? 0? 9?2
0wy Oxs 8_x§ ’

The above discussion suggests that we look for a representation
p: Cy — End(CF) 2 M, (C)

of the Clifford algebra C,,. It will be even better if we can find an irreducible one (since
every representation of C), is a direct sum of irreducible ones - see Proposition 1.5.4 in

[3]). Once we fix such a representation, we can set
& 0
vi=ple;) , P= Z%’a—

where {e;} is the standard basis for C*. The operator P, called a Dirac operator, will
then be a square root of A.

Here is a known fact about representations of complex Clifford algebras (proofs can

be found in [1] and in [3]).
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Proposition 15.0.1. Any irreducible complex representation of C,, has dimension 2*/%
(where [n/2] is the floor of n/2). Up to equivalence, there are two irreducible representa-

tions if n is odd, and only one if n is even.

We conclude that finding a square root for A is always possible. It is defined using

an irreducible representation of C),. Note that a choice is to be made if n is odd.



Chapter 16

Manifolds

16.1 The problem

We would like to generalize our previous construction from the Euclidean space to a
smooth n dimensional oriented Riemannian manifold (M, g). More generally, we look for

a complex Hermitian vector bundle S — M and a smooth bundle map
p: CUTM,—g)® S — S : (v, v) = pe(a)v
for « € CI(T, M), v € S,, which restricts to an irreducible representation
pa: CUTM, —g,) — End(S,)

on the fibers of S. The notation CI(T'M,—g) stands for the Clifford bundle of (M, g),
and @ above denotes the Whitney sum. That is, the vector bundle whose fibers are the
Clifford algebra of the tangent space, with respect to the symmetric bilinear map —g.
Once such a pair (5, p) is found, we can choose a Hermitian connection V on S,
and define a Dirac operator acting on smooth sections of S, as follows. Choose a local

orthonormal frame {e;} and let

P:T(S)—T(9) ,
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It turns out that P is independent of the local frame, and thus gives rise to a globally

defined operator on sections of S.

16.2 The search for the vector bundle S

If no additional structure is introduced on our manifold M, then we may try to con-
struct the vector bundle S as an associated bundle to the bundle SOF (M) of oriented

orthonormal frames on M. This means that we try to take
S = SOF(M) xs0(n) C*
where k = 2["/2) and SO(n) acts on C* via a representation
e: SO(n) — End(CF) .
We can use an irreducible representation
p: Cp — End(CF)

in order to define an action of the Clifford bundle CI(T'M) on S as follows.
For any z € M, a € T,M C CI(T,M,—g,), v € C¥ and a frame f: R" = T,M in
SOF,(M), let a act on [f,v] € S, by

(e, [fo0]) = [f s p(f 7 ())v] -

This will be a well defined action on .S if and only if

[fo A, p((fo ) ayu] = [f, p(f () (e(A)v)]

for any A € SO(n). This is equivalent to

e(A) o p(A™1y) = p(y) o €(A)
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where y = f~1(a), and is an equality between linear endomorphisms of C*. To summa-

rize, we look for a representation e¢: SO(n) — End(C*) with the property that

p(Ay) = €(A) o ply) o e(A)™! (16.1)

for all A € SO(n) and y € R".

Unfortunately:

Claim 16.2.1. For n > 3, there is no representation e¢: SO(n) — End(CF) satisfying

Equation (16.1) for all A and y.

The proof will follow from a more general statement later (see Claim 18.0.1).

16.3 Introducing additional structure

It seems that in order to construct a vector bundle S over an n dimensional oriented
Riemannian manifold (M, g), on which the Clifford bundle CI(T'M) acts irreducibly, we
will have to introduce new structure on our manifold: we will need to lift the structure

group from SO(n) to a ‘better’ group G. Here is what we mean by lifting the structure

group.

Definition 16.3.1. For an n dimensional oriented Riemannian manifold (M, g), a lifting
of the structure group to a Lie group G is a principal G-bundle 7: P — M, together with

a group homomorphism p: G — SO(n) and a smooth map 7 : P — SOF (M) such that
mi(z-g) =m(z)-plg) for ze€P,gel,

and such that m = my o m; (where my: SOF (M) — M is the projection).
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In other words, we require that the following diagram will commute, and © = 7y o 7y.

P — Pxd

7F1J( J{mxp

SOF(M) «—— SOF(M) x SO(n)

N

M

Once we have such a lift, we can try to construct our vector bundle of rank k = 2[*/2!

as

S:PXG(Ck7

where G acts on C¥ via a representation ¢: G — End(CF).

This will work if the action of CI(T'M) on S, given by

(e, [f,0]) = [, p(f (@)

is well defined. Here a € CI(T,M), f € P,, v € C* and f = p(f): R* — T, M is a frame
in SOF,(M). As before, p is a fixed irreducible complex representation of C,,.

Equation (16.1), which state the condition € has to satisfy, becomes

p(p(A)y) = e(A) o p(y) o e(4)~" (16.2)

for all y € R” and A € G.
To summarize, we look for a Lie group G, and a representation e: G — End(CF) for

which Equation (16.2) is satisfied for all A and y.
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The Universality Theorem

Given an irreducible representation p: C, — End(CF) (k = 2"/2), we look for a Lie
group G, a representation ¢: G — End(C*), and a homomorphism p: G — SO(n) for
which Equation (16.2) is satisfied. Note that this problem is of algebraic flavour and does
not involve the manifold, the tangent bundle or the Clifford bundle. Thus, our problem
is reduced to one where the unknowns are a Lie group, a representation and a group
homomorphism.

As we will see, there is more than one solution to this problem, but only one (up to a
certain equivalence) which is universal in the sense that every other solution will factor

through the universal one. In this universal solution, the group is
G = (Spin(n) x C*) /K

where Spin(n) is the double cover of SO(n) and K is the two element subgroup generated
by (—1,—1). This is a noncompact group.

Another way to define this group is as the set of all elements of the form
c-nvg--y eCy =0,0C

where ¢ € C*, [ > 0 is even, and each v; € R™ is of (Euclidean) norm 1.
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For each element x € G and y € R® C C¢, we have Ad,(y) =z -y-z~' € R", and

the map
y € R" — Ad,(y) € R"

is in SO(n). This defines a group homomorphism
X G — SO(n) |, xw— Ad,

(see [1] for details).

Finally, note that any B € SO(n) acts on the Clifford algebra C¢ in a natural way.
This action is induced from the standard action of SO(n) on R™. Furthermore, Equation
(16.2) is satisfied for all y € R™ and A € G if and only if it is satisfied for all y € C¢ and
Aecd.

Now we can state the universality property of the group G.

Theorem 17.0.1. Fiz an irreducible complex representation p of C¢, and let k = 2I"/2],

Then:

1. For G = (Spin(n) x C*) /K, p = Ad: G — SO(n) and ¢ = plg: G — End(CF),
we have
p(p(A)y) = e(A) o p(y) o e(A)™
for ally € C< and A € G.

2. If G’ is a Lie group, p': G' — SO(n) a group homomorphism, and €: G' —

End(C¥) a representation, such that

p(p'(A)y) = €(A) o p(y) o €'(A)

forally € C5 and A € G', then there is a unique homomorphism f: G' — G such
that

p=pof and € =cof.

Remark 17.0.1.
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1. The group G acts on C via
(A,9) — p(A)y

and on End(C*) via
(A, ¢) = e(A)opoe(A).

Therefore, in part (1) of the theorem we claim that p is G-equivariant.

2. Part (2) of the theorem implies that the following two diagrams are commutative.

G G
i . 7
I lp I le
G' > SO(n) G' s End(C")

Proof.

1. For any A € G and y € C we have

p(p(A)y) = p(Ada(y)) = p(A-y- A7) = p(A) - p(y) - p(A™") =

— e(A) 0 ply) o e(A)™!

2. Fix an element g € G’, and choose an element A € Spin(n) for which p(A) =

Ada = p'(g). We claim that the endomorphism
p(A71) o é(g): C* —C"

is a nonzero (complex) multiple of the identity. To see this, start from the given

equality

p(P'(9)y) = €(g) o ply) o €'(g)~"

which is equivalent to

€' (g9) o p(y) = p(Ada(y)) o €(9g)
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and to
[p(A™) 0 €(g)] 0 ply) = p(y) o [p(A7) 0 €(g)]
for all y € Cr.

It is known that any irreducible complex representation of Cf must be onto, and
hence the last equality means that p(A~')o€'(g) commutes with all endomorphisms
of C*, and thus must be a multiple of the identity (it is nonzero since it is invertible).

Write p(A™1) o €(g) = c¢- I for c € C* and define
f:G—=G , g—[A,deq.

This map is a well defined. It is a group homomorphism since if g; € G’ (for

Jj=1,2), A; € Spin(n) with p'(g;) = Ad, and ¢; € C* satisfy

¢j 1 =p(A;") o €(g)
then we have
p(9192) = Ada,a,

and

crez - I = p((A1A2)™") 0 €(g1g2) -
This implies that f(g192) = £(91)(g2).
Also we have

P'(9) = Ada = Ade.a = p(f(9))
and

c(g9) =c-p(A) = e(c- A) = €(f(g))

for all g € G’ as needed.

It is not hard to see that our construction implies also the uniqueness of the map

f. After all, if such an f exists, and for g € G’ we write f(g) = [A,¢] € G, then
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p(A) = Ady = p'(g), which means than A is determined up to sign. Furthermore,

the relation €(g) = €(f(g)) implies that

p(A)od(g)=e(l,d)=cT,

which determines the value of ¢. Therefore f(g) = [A, ¢] is uniquely determined by

our conditions.

Remark 17.0.2.

1. The triple (G = (Spin(n) x C*) /K, p,€) is the only universal solution up to equiv-
alence. More precisely, if (G',p/,€’) is another universal solution, then there is a

unique isomorphism ¢: G’ — G satisfying € = eo @ and p’ = po .

2. There is a natural Hermitian product on the representation space C* with respect
to which p is unitary. If we require that ¢ will be unitary, then universal solution

will involve the (compact) group
Spin(n) = (Spin(n) x U(1)) /K .

The universality statement and the proof are almost identical to the noncompact

case.

3. It is important to note that although the Dirac operator is a square root of the
Laplacian in the case of R™, this is no longer true in the manifold case. The Dirac
operator, whose definition was outlined in §16.1, will be related to the Laplacian
via the Schrodinger-Lichnerowicz formula, which involves the scalar curvature of
the manifold, and the curvature of the Hermitian connection on the vector bundle

S (see §3.3 in [1]).
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Some Corollaries

Denote again by p: C, — End(CF) (k = 2["/2]) an irreducible representation, G' =
(Spin(n) x C*) /K, and by p: G — SO(n) the natural homomorphism. Then Theorem

17.0.1 implies the following.

Corollary 18.0.1. A Lie group G’ and a homomorphism p': G' — SO(n) give rise to a

bijection between

4 Representations ¢ : G' — End(CF) satisfying

€(g)op(y) = p(p'(9)y) o €(g) forallg € G', y € R”
and

B = { Homomorphisms f: G' — G such that p' =po f }

Proof. Part (2) in Theorem 17.0.1 provides a function f € B for every ¢ € A. Conversely,
if f € B, then ¢ =¢eo fisin A, by part (1) of Theorem 17.0.1. O

The above corollary provides an easy criterion for checking whether a lifting of the

structure to a group G’ will enable us to construct an irreducible Clifford bundle action
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on a vector bundle associated with this lifting. We give a few examples in the following

claim.

Claim 18.0.1. If G’ = U(n/2) (for an even n) or G' = Spin(n), then there exist
a homomorphism p': G' — SO(n) and a representation €': G' — End(CF) for which
€'(g9) e p(y) = p(0'(9)y) 0 €(g) for allg € G', y € R™.

If G"=50(n) (n>3) and p': G' — SO(n) is the identity, then there is no € satisfying

the latter equality.

Proof. For G' = Spin(n) take p’ to be the double cover of SO(n), f: Spin(n) — G the
inclusion, and use Corollary 18.0.1.
For G' = U(n/2), take p’ to be the standard inclusion U(n/2) C SO(n). It is possible to
define f: U(n/2) — G such that p' = po f (see page 27 in [1]). By the above corollary,
the conclusion follows.

Finally, for G’ = SO(n) and p’ = Id, if such an € would exist, the corollary implies
that there is an f: SO(n) — G for which po f = Id. This is impossible since the

fundamental group of SO(n) is Zs and of G is Z. O

The above claim implies some well known facts: Every spin and every almost complex
manifold is also a spin® manifold in a natural way. Also, an irreducible Clifford module
cannot be defined as a tensor bundle (i.e., as a vector bundle associated with the frame

bundle of the manifold).
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The Symplectic Case

For the symplectic group, a similar problem can be stated. The universal group in this
case will be the complexified metaplectic group Mp®(n) = Mp(n) xz, U (1), if we demand
unitary representations, or Mp(n) xz, C* otherwise. In this section we outline the setting

in this case, and prove a similar universality statement.

19.1 Symplectic Clifford algebras

Let V' be a real vector space of dimension 2n. If B: V x V' — R is a symmetric bilinear
form on V, then the ideal (in the tensor algebra T'(V')) generated by expressions of the
form

v-v— B(v,v)-1 , veV (19.1)

is the same one generated by
veutu-v—2- Bu,v) , u,v eV . (19.2)

Suppose now that w: V' x V — R is a symplectic (i.e., an antisymmetric and non-
degenerate bilinear) form on V. Since w(v,v) = 0 for all v € V|, we would better modify
(19.2) and define the symplectic Clifford algebra as follows. We follow [15] and omit the

coefficient ‘2’ in our definition.

119



CHAPTER 19. THE SYMPLECTIC CASE 120

Definition 19.1.1. The symplectic Clifford algebra associated with the symplectic vector
space (V,w) is defined as
CrP(Viw)=T(V)/I(V,w)

where I(V,w) is the ideal generated by
{v-w—w-v+whw)-1:v,weV}.
Remark 19.1.1. If V = R?" and w is the standard symplectic form, given by
w(z,y) = ixjyn-&-j —Tnyy; 5 T,y R
j=1

then we denote

Clt = CI*(R*,w) and CIZ=Cl®C.

The symplectic Clifford algebra in this case is also called the Weyl algebra, and is useful
since its generators satisfy relations which are similar to the relations satisfied by the

position and momentum operators in quantum mechanics (see §1.4 is [15]).

Denote by S(R™) the Schwartz space of rapidly decreasing complex-valued smooth

functions on R™. If ey, ..., ey, is the standard basis for R?", then define a linear action
p: R* — End(S(R™))

by assigning

ple)f =i-x;f for j=1,...,n

p(ej)f:g for j=n+1,...,2n

Lj

and extend by linearity. This action extends (see §1.4 in [15]) to a linear map
Cl; — End(S(R"))

which is not an algebra homomorphism.
For each v € R*", p(v) can be regarded as a continuous operator on the Schwartz

space. We call the map p Clifford multiplication.
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19.2 The metaplectic representation

The metaplectic group Mp(n) will play the role that the spin group Spin(n) played in

the Riemannian case. The symplectic group is
Sp(n) ={A € GL(2n,R) : w(Av, Aw) = w(v,w)}

where w is the standard symplectic form on R?”. This is a connected and non-compact
Lie group.
The fundamental group of Sp(n) is isomorphic to Z, and thus Sp(n) has a unique

connected double cover, which is denoted by Mp(n). Denote by
p: Mp(n) — Sp(n)

the covering map, and by —1 € Mp(n) the nontrivial element in Ker(p).
Define
G = (Mp(n) x C*) /K

where K = {(1,1),(—1,—1)}. The covering map extends to a map (also denoted by p)
G — Sp(n) : [A, z] — p(A) .

There is an important infinite dimensional unitary representation of the metaplectic
group on the Hilbert space L?(R"), which is called the metaplectic representation. We

denote it by

m: Mp(n) — U(L*(R"))
where U(L*(R™)) is the group of unitary operators on L?*(R™). For the construction of
m, see [15] and references therein. This representation has many interesting properties,
but all we need here is the facts that the Schwartz space S(R") C L*(R") is an invariant
subspace for m, and is dense in L*(R").

We extend m to a representation of the group G = (Mp(n) x C*)/K, by

e: G — End(L*(R")) : €([A4,2]) = z-m(A) .
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19.3 The universality of the metaplectic group

Now we can state the universality theorem (for the group G), which turns out to be

almost identical to the corresponding theorem in the Riemannian case.
Theorem 19.3.1. Let p: R*" — End(S(R")) be the Clifford multiplication map. Then:

1. For G = (Mp(n) x C*) /K, p: G — Sp(n) and ¢: G — End(L*(R")) defined
above, we have

p(p(A)y) = e(A) o p(y) o e(A)™

for ally € R*" and A € G (i.e., p is G-equivariant).

This is an equality of operators on the Schwartz space S(R™).

2. If G' is a Lie group, p': G' — Sp(n) a group homomorphism, and ¢: G' —

End(S(R™)) a continuous representation, such that
(' (A)y) =€ (A) o p(y) o€ (4)~

for ally € R?*™ and A € G', then there is a unique homomorphism f: G' — G such
that

p=pof and € =ecof.
Proof.
1. For Mp(n), this is proved in Lemma 1.4.4 in [15]. The proof for G follows.

2. To prove the second part, we follow the same idea as in the Riemannian case. Fix
an element g € G', and choose an element A € Mp(n) for which p(A) = p'(g). We

show that the endomorphism

D=e(A")0d(g): SR — SR
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is a nonzero complex multiple of the identity. Once this is done, the rest of the

proof will be identical to the proof of Theorem 17.0.1, part (2).

By assumption, we have

e(A)op(y)oe(A)~ = €(g)oply)o€(g)™
which is equivalent to

p(y) oD =D op(y)

for all y € R*". From the definition of p we conclude that D is a continuous
operator on the Schwartz space S(R™) which commutes with all multiplication and

derivative operators:

af
T and —.
Such an operator must be a complex multiple of the identity. This follows from
the fact that the map p gives rise to an irreducible representation of the symplectic

Clifford algebra CI¢ on the space L*(R™;C). For a proof of this fact for n = 1 see

Theorem 3 (page 44) in [14]. The n-dimesional case follows.
[

Remark 19.3.1. As in the Riemannian case, if we require that ¢ will be a unitary repre-

sentation, then the group G in Theorem 19.3.1 will be replaced with (Mp(n) x U(1)) /K.

Remark 19.3.2. The construction of a Dirac operator in the Riemannian case was mo-
tivated by the search for a square root for the (negative) Laplacian. One may wonder
what is the symplectic analog of the Dirac and the Laplacian operators. In Chapter 5 of
[15] symplectic Dirac and associated second order operators are discussed. However, it is
not clear to me if the search for a square root in the Riemannian case has a (satisfactory)

symplectic analogue.
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